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Abstract 

 

An important aspect that has a significant effect on granular material's behavior, is 

the spatial distribution of the solids and the associated voids; the technical term fabric is 

used to describe this texture of the granular materials. Fabric tensors can be 

constructed based on different microstructural entities such as particle long axis 

orientations, inter-particle contact normal directions, and orientations of void shapes. 

Contact normal directions have the disadvantage of more complex experimental 

determination than void vectors, due to difficulties associated with accurate 

measurement of tangent contact planes. In this thesis a comparison is made between 

two fabric tensors, obtained by identifying the characteristic unit vector along the 

directions of: (a) contact normal and (b) void vectors obtained by a method based on 

the parallel scan-line approach of Ghedia & O’Sullivan (2012). To this end, an extensive 

2D DEM analysis was conducted, focusing on the way particular mechanical and 

geometrical parameters of the tests (i.e. the initial confining pressure, the particle 

geometry, the interparticle friction and stiffness), affect the correlation between the two 

fabric tensors. The results indicate a very strong linear correlation, which calls for further 

-3D- analysis and possible implementation in constitutive models. 

 

 

 

 

 

 

 

 

 



 

 

 

Περίληψη 

 

Ένα σηµαντικό στοιχείο των κοκκωδών υλικών, το οποίο έχει σηµαντική επιρροή στη 

συµπεριφορά τους, είναι η χωρική κατανοµή των στερεών κόκκων και των ενδιάµεσων 

κενών. Ο όρος προσανατολισµός εσωτερικής δοµής (fabric) χρησιµοποιείται ώστε να 

περιγράψει αυτή την υφή του υλικού. Οι τανυστές προσανατολισµού εσωτερικής δοµής 

(ΠΕ∆) µπορούν να κατασκευαστούν µε βάση διαφορετικά µικροδοµικά χαρακτηριστικά, 

όπως τον προσανατολισµό του κύριου άξονα των κόκκων, τις κατευθύνσεις που 

βρίσκονται κάθετες στις επιφάνειες των επαφών και τον προσανατολισµό των κενών. Οι 

κατευθύνσεις που είναι κάθετες στις επιφάνειες των επαφών, έχουν το µειονέκτηµα της 

σύνθετης και αβέβαιης πειραµατικής αναγνώρισης, σε σχέση µε αυτή των κενών, λόγω 

της δυσκολίας ορισµού της εφαπτοµενικής επιφάνειας των επαφών. Σε αυτή την 

εργασία συγκρίνονται δύο τανυστές ΠΕ∆, οι οποίοι χρησιµοποιούν ως βάση 

κατασκευής τους µοναδιαία διανύσµατα: (α) στις κάθετες κατευθύνσεις στις επιφάνειες 

των επαφών και (β) που ορίζουν τα κενά, παρόµοια µε αυτά που ορίζονται από τους 

Ghedia & O’Sullivan (2012), µε τη µέθοδο γραµµών σάρωσης. Για αυτό το λόγο, 

πραγµατοποιήθηκε µία εκτεταµένη παραµετρική ανάλυση µε τη χρήση της Μεθόδου 

∆ιακριτών Στοιχείων, µε έµφαση στην επιρροή που έχουν στη συσχέτιση των δύο 

τανυστών οι διάφορες µηχανικές και γεωµετρικές παράµετροι των πειραµάτων.Τα 

αποτελέσµατα δηλώνουν µία ισχυρή γραµµική συσχέτιση, η οποία αποτελεί το έναυσµα 

για περαιτέρω -τριδιάστατη- ανάλυση και πιθανή εφαρµογή των αποτελεσµάτων σε 

καταστατικά προσοµοιώµατα. 
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Chapter 1 Introduction 

Soil is a critical material for construction, mining, landslides and in general for several 

aspects of the modern infrastructure and economic growth in general. It serves as a 

foundation for most constructions, it constitutes the environment for surface and other 

mining, and it is the main construction material for main infrastructures, such as roads 

and dams, where significant masses of soil materials are transferred in order to 

contribute as a component of the structure. Furthermore soil materials are, in many 

cases, the critical components for large or small-scale failures and corresponding 

disasters, such as massive landslides, structural collapse, embankment failures, etc. 

(Figure 1). As a main element of the infrastructure, soil has been researched 

extensively - mainly during the last five-six decades–with the aim of understanding and 

describing its properties, both qualitatively and quantitatively. 

 

 

Figure 1: Massive landslide failure in Nova Friburgo, 130 km north of Rio de Janeiro, Brazil, on 
January 13, 2011 (Shana Reis/AFP/Getty Images). 
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Soil Mechanics was founded as a modern science at the beginning of 20th century. 

Major contributions to earth-pressure theories, and thus to soil mechanics, during that 

period, were made by Müller-Breslau (1906), Franzius, (1927), Krey (1936), Terzaghi 

(1925), and Fröhlich (1934);however, the father of soil mechanics is considered to be 

Karl von Terzaghi with his book Erdbaumechanik auf Bodenphysikalischer Grundlage, 

that was published in 1925. During the past 40 years, there has been great progress in 

the development of experimental, theoretical, and numerical tools that bring a new 

insight to geotechnics. Nevertheless, despite the considerable research that has been 

conducted until now, soil mechanics and geotechnical engineering are still considered 

to be mostly an empirical scientific field. 

As far as the field of design in geotechnical engineering is concerned, the evolution 

of computational power and numerical techniques of the second half of 20th century, 

gave the capability to the geotechnical engineer and researcher to use more complex 

methods and better predict the mechanical response of a soil mass, and consequently 

of the related structures, if they exist. There has always been a need to better 

understand soils and to create constitutive models that can simulate their behavior, in 

order to be able to design and predict the mechanical soil response for all the conditions 

and applications of engineering purpose. 

It is important to mention that in the process of the development of constitutive 

models, a numerical method, Finite Element Method (FEM), has played a significant 

role. Through FEM, it is possible to apply even the very complex constitutive models 

and check the response of a continuum that behaves in this way; this gives us the 

considerable power to evaluate every model, as well as, to use every model in order to 

predict the behavior of a soil mass. In brief, FEM made the more complex constitutive 

models (considerably more complex than the very simple Mohr-Coulomb model), and 

the more complex geometries and conditions (i.e. cases that are almost impossible to 

manipulate by hand) applicable, with only a computational cost that is continuously 

reduced. 

The first and most well established constitutive law-model that was used for soils is 

the Mohr-Coulomb model (Coulomb, 1776), a simple model that applies to materials 

where larger compressive, as opposed to tensile, strength is observed (Figure 2). More 
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advanced constitutive models were proposed years later that were more specialized in 

soils and could better describe the key features of a material, such as the Drucker-

Prager (Drucker & Prager, 1952), the Cam-Clay, and the modified Cam-Clay(K. H. 

Roscoe &Burland, 1968; K. H. Roscoe, Schofield& Wroth, 1958) (Figure 3). Other 

models have also been proposed during the past decades for the field of soils that are 

adopting different modeling views (hypoelasticity, hyperelasticity, viscoelasticity) trying 

to describe, as fully and accurately as possible, soil's mechanical behavior.  

 

 

Figure 2: Mohr-Coulomb failure criterion in principal stresses σ1-σ2-σ3. 

 

 

Figure 3: Yield surface of the modified cam-clay model in p'-q plane. 

 

Nowadays, there is a large number of constitutive models specialized for sands and 

clays (the two major types of soil materials) (Y. F. Dafalias, Manzari& Papadimitriou, 
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2006; Jeremic, Runesson& Sture, 1999; Taiebat & Dafalias, 2008; Vermeer, 1978). 

These are mostly based on continuum theories of elasto-plastic materials but have been 

enhanced with pressure-dependent yielding, the possibility of plastic volume changes, 

and dilatancy, which are considered key properties of soils. Additionally, the majority of 

models lie within the Critical State Soil Mechanics (CSSM) framework (Schofield & 

Wroth, 1968); CSSM was originally proposed by Roscoe et al. (1958), and later 

expanded by Schofield & Wroth (1968); today CSSM constitutes a key concept in soil 

modeling. 

An important, and possibly key feature, of the soil behavior that has been taken into 

account only during the past two decades is the fabric of the soil. Even if soil is modeled 

based on continuum theories, in reality it is a discrete medium; which means that it has 

an internal structure that defines its macroscopic response in a crucial way. Fabric is 

defined as the internal structure of the soil, that is determined mainly by the shape and 

the contact network of particles, as well as, by the spatial distribution of voids. 

Advanced models have tried to incorporate fabric in an effort to better simulate the 

structure of this discrete medium, and include it in a continuum model (Xiang-song Li & 

Dafalias, 2002; Balasingam Muhunthan, J.-L., & Masad, 1996; Balasingam Muhunthan 

& J.-L., 1997).  

The types of soil fabric incorporated in constitutive models according to the existing 

literature are: a) the fabric related to the particle orientation, i.e. the way in which the 

major axis of the grains is oriented (Yannis F Dafalias, Papadimitriou, & Li, 2004) 

(Figure 4(a)), b) the fabric related to the contact normal fabric, i.e. the way in which the 

normal vectors of the contact planes are oriented (Wan & Guo, 2004) (Figure 4(b)), and 

c) the void fabric, which refers to the spatial distribution of voids(B Muhunthan & 

Sasiharan, 2012) (Figure 4(c)).  

The three different types of fabric have been used separately in most of the existing 

literature, even if, due to the nature of the material and the definition of each fabric type, 

they seem to be related. So far, no research has compared the types of fabric in a way 

that would reveal any possible relation between them, and thus, one purpose of this 

thesis is to find possible correlations between these three different types of fabric. 
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(a)           (b) 

 

          (c) 

Figure 4: (a) Fabric particle orientation defined by the unit vector np (b) Fabric contact normal 
defined by the unit vector nc (c) void fabric (voids with blue color. 

 

For that purpose, and in order to better understand the mechanical behavior of soil 

as a granular material, the Discrete Element Method (DEM) is used (Figure 5) to model 

the experiments described herein. This numerical method has been applied to 

geomechanics since 1979 (P. A. Cundall & Strack., 1979), but it has been used widely 

only during the past 10 to 15 years. Its unique advantage, is that it constitutes a way of 

simulating a granular medium and its discrete nature; in the absence of a continuum 

medium, without needing to use a constitutive model. This enables us to analyze a soil 

mass in its microstructural form in order to get results about the mechanical behavior of 

this granular material under several conditions, and to check the assumptions that are 
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used by constitutive models. A disadvantage of DEM is that, since it deals with the solid 

particles of the discrete medium and the interactions between them, it is impossible to 

apply it on as many grains as there would be in reality. Otherwise the computational 

cost would be unbearable for today’s standards. Hence, since it is not possible to use 

DEM in order to simulate a whole solid mass as is presented in real practice, DEM 

models include as many number of grains as possible (depending on the computational 

capabilities of the user) in order to deduce reasonable results for the mechanisms of soil 

response. 

 

   

   (a)              (b) 

Figure 5: (a) Initial condition for a 2D experiment in vertical compression test in DEM simulation 
with the software PFC 2D and (b) a part of this sample zoomed in; chain forces are 
declared with black color. 

 

For all the reasons above mentioned, DEM is the appropriate method to measure 

and describe in a detailed manner - both qualitatively and quantitatively - the fabric 

evolution for a soil sample. DEM is a very useful tool that can produce results 
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repeatedly, easily, rather quickly, and at low cost. In this thesis DEM has been used in 

order to describe all major types of fabric under simple, two dimensional, vertical 

loading; we quantify all types of fabric and try to understand the mechanisms that 

produce the particular response, by observing the microstructure of the soil, i.e. the 

discrete nature of the material. 

It is important to mention that real experiments are irreplaceable, as there only exists 

the physical reality without simulation assumptions. All three types of fabric mentioned 

above (particle orientation, contact normal, and void) can be approximated in physical 

experiments using X-Ray capabilities. Furthermore, although the contact normal fabric 

is the most usual among constitutive modeling, it is the fabric that is the most difficult to 

measure. This type of fabric is based on the identification of the contact points and the 

definition of the contact tangent plane and the contact normal plane. This task may be 

an easy one for numerical experiments, where the geometry of the sample is fully 

predefined, but it is a difficult task for physical experiments (Jaquet, Andó, Viggiani& 

Talbot, 2013; Viggiani, Hall, Desrues& Andò, 2013). This is an additional reason to try to 

identify a connection between contact normal fabric and the other types of fabric, (i.e. 

particle orientation and void fabric) that are easier to measure using DEM. 

The main purpose of this thesis is to try to identify a closed form type of correlation 

between contact normal fabric and a type of void fabric measurement. For this purpose, 

we conducted a number of experiments in order to create a parametric analysis for this 

possible relation. This thesis first presents the several ways of defining soil fabric, as 

well as, a few ways of quantifying these types fabric (Chapter 2). Then, the DEM 

experiments conducted for this thesis are presented in a macroscopic way (Chapter 3). 

Finally, the correlation between the two types of fabric is tested for all the experiments 

and some relations concerning these correlations are extracted (Chapter 4, Chapter 5). 

The Discrete Element Method (DEM), i.e. the numerical method used in order to run the 

virtual experiments, is briefly presented in Appendix A. 
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Chapter 2 Fabric  

 

2.1 Soil Fabric 

 

Soil is a multiphase granular material consisting of solid particles and voids. Particles 

define the solid phase of the soils which is mostly related to the mechanical response of 

the material; the remaining part of the soil mass is the voids which can be filled with 

liquid or gas. As a result, voids can be also separated into two phases: the liquid and 

the gas phase. Usually in soils the liquid is water and the gas is air, but sometimes other 

liquids or even gases can be present (e.g. oil or liquid wastes). 

The phase diagram usually applying in soil mechanics is presented in Figure 6: solid 

phase, liquid phase and gas phase. Each phase is characterized by its mass and its 

volume, which are connected with the corresponding density. General macroscopic 

parameters that represent the relation between solid and void phase are porosity 

(n=Vv/V) and void ratio (e=Vv/Vs), where Vv is the volume of the voids, Vs is the volume 

of the solids and V=Vs+Vv the total volume. These parameters define an easy way to 

measure the relation between the solids and the voids and can be used to characterize 

the soil's density. Notice that Figure 6 provides information about the phases of the 

medium but does not describe how these phases interact with each other. 
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  (a)    (b) 

Figure 6: (a) A random distribution of soil's phases and (b) the "phase diagram" of soils 
(Kavvadas, 2007) 

 

Besides the multiphase character of the soils, another important aspect that has a 

significant effect on their behavior is the spatial distribution of the solids and the 

associated voids. In general, the technical term fabric is used to describe this texture of 

the granular materials. Fabric is the spatial and geometric configuration of all the soil 

elements. Oda, Nemat-Nasse & Konishi (1985) and Satake (1992) suggested that the 

important micromechanical elements in the macromechanical behavior of the granular 

materials are the solid particles’ orientation, contacts and the corresponding voids.  

The particles if they are non spherical, as in reality is always the case, they have an 

axis of preferred orientation; the preferences in the orientation of particles is an 

important element considering the fabric of granular materials. Typically, the principal 

axis of the orientation of the particles is aligned vertically to the loading axis (Fu & 

Dafalias, 2011; Li, Yu & Li, 2011; Tong, Zhang & Zhou, 2013); e.g. for a biaxial 

experiment with a vertically increasing loading, the particles tend to be aligned 

horizontally considering their major orientation axis (Figure 7). This is also intuitive; as 

the load increases, the particles obtain a more "stable" position. 
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Figure 7: Final assembly for a two dimensional vertical loading experiment in critical state. The 
second image is a random enlarged part of the sample.  

 

Another important fabric element is the contacts between the particles. Through the 

contacts, chains are created and the forces are transferred (Figure 8) in the granular 

mass. These contacts, or force, chains represent the forces’ directions (Azema & 

Radjai, 2011), e.g. after loading vertically the sample on a biaxial experiment, the 

contacts are preferring vertical alignment, as the main force transfer is made in the 

vertical direction (Figure 8). This is in accordance with the previous comment about 

particle orientations; as the particles, which are oriented horizontally, they contact each 

other mainly in the vertical direction (parallel to the minor axis of the particles). 
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Figure 8: Final assembly for a two dimensional vertical loading experiment in critical state. With 
black are the chain forces created between contacts 

 

Finally, a very important element for the soil fabric is the voids between the particles. 

Obviously, the voids are in continuous interaction with the solids; particle movements 

are related to change of voids. This means that change in the particles’ orientation, 

contacts (i.e. the important fabric elements of the solid phase) and change of voids are 

quite related, at least from a physical point of view. As the solids and the voids are 

supplementary, the solid fabric elements and the void fabric elements are already 

related in some qualitative way. Although several methods have been proposed to 

measure the fabric with respect to the voids (Ghedia & O’Sullivan, 2012; Kuhn, 1999; 

Kuo, Frost & J.-L., 1998; Li & Li 2009; Oda et al., 1985), there is not much research on 

this topic (i.e. the relations between void's fabric and solid fabric), although it seems 

rather important considering the fabric response of the granular materials. A significant 

aim of this thesis is to find possible quantitative correlation between void and solid 

related fabric. 

Fabric and its elements seem to be important for the mechanical response of soils. 

The most profound experiments on this vein are the experiments of Yoshimine et al 

(Yoshimine, Ishihara & Vargas, 1998); the authors conducted some undrained shear 

loading experiments on samples of Toyoura sand in a torsional apparatus. Different 
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values of the stress ratio b=(σ2-σ3)/(σ1-σ3) and different orientations of the principal 

stress directions were applied in order to examine the response of non-cohesive soils 

(sands); the results are presented in Figure 9. In the first column the results concerning 

different stress ratio b values are presented; different b values along with different 

stress values lead to triaxial extension or compression. In the second column the 

authors present the results for constant b=0.5 and different orientation of the principal 

stress directions; the direction is defined based on the angle α (see Figure 9). The 

results presented in the first column of Figure 9 are very much indicative about the great 

differences between the loading conditions of triaxial compression and extension for 

soils. 

The figures of the second column of Figure 9 present the importance of fabric, i.e. for 

different values of angle α, which means different orientation of principal stress axis, 

great differences in the response of the sample are observed. If we assume exactly the 

same loading history and consider only different orientation of principal stress, the final 

results diverge very much. This is an indicative example of the fabric influence on the 

mechanical response of soil materials. The difference on the initial conditions is the 

fabric anisotropy that leads to significant divergence on the results; the way the loading 

direction is oriented with respect to the fabric orientation (e.g. the particles' orientation 

principal axis) leads to differences in the final output.  

Another important conclusion from these experiments is that the critical state 

conditions and in particular the critical state line seems dependent on the fabric 

anisotropy and specifically on the relative position between the principal stress axis and 

the orientation of fabric. 
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Figure 9: Undrained response of sand samples loaded along different principal stress directions 
(Yoshimine et al., 1998) 

 

Summarizing the above statements, soils consist of non spherical, random solid 

particles that have a characteristic statistical distribution of the quantities described 

above and along with the voids created between them, affect the mechanical response 

of the soil medium. The quantitative definitions of fabric that will be discussed in the rest 

of this chapter are a way to define this distribution so that the microstructure of the 

material and the important fabric elements as described above can be quantitatively 

taken into account for its response. 

 

2.2 The soil fabric tensor 

 

The most effective way to define fabric and fabric anisotropy is through the so called 

"fabric tensor". In order to define such a tensor some characteristic vectors based on 
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the important elements of soil fabric as described above, can be used. The distribution 

of these vectors shows the soil's fabric preferences.  

The simplest example that briefly states the effectiveness of such a fabric tensor is 

the case of a 2-dimensional soil analysis; if a second rank fabric tensor is used, then 

three characteristics of the fabric are obtained, two principal values and the principal 

angle. These properties define an ellipse that shows most effectively the major and the 

minor axis where the vectors are concentrated. Tensors of higher ranks can be used for 

a more detailed analysis but for most applications and for simplicity, in 2 dimensions a 

second rank tensor and in 3 dimensions a third rank tensor are usually practiced. 

The fabric tensor seems to play an increasingly important role in constitutive 

modeling. It is the only existing way to introduce in a thorough way the fabric into 

advanced constitutive models. Many researchers in the last decades have tried to 

introduce through a tensor the fabric as an extra variable in a soil constitutive model. 

Simple models incorporate only the initial state of fabric (Dafalias, Papadimitriou & Li, 

2004; Oda & Nakayama, 1998); more advanced models try to introduce a fabric tensor 

evolution with respect to the properties of the model and the simulation (Yannis F 

Dafalias & Manzari, 2004; Gao, Zhao, Li & Dafalias, 2013). In any case the fabric 

parameters are important for the model definitions.  

It must be pointed out that recent works correlate fabric tensors with a very important 

mechanical parameter of the mechanical behavior of geomaterials: anisotropy. Fabric 

tensors can be incorporated in a model either as a full tensor or as a fabric anisotropy 

parameter (Yannis F. Dafalias & Li, 2012). As already stated above (Yoshimine et al., 

1998), fabric anisotropy is related to macroscopic anisotropy of a soil medium and may 

lead to significant differences to the soil strength. This is the major motive to incorporate 

fabric anisotropy and furthermore a fabric evolution parameter in a constitutive model.  

This feature seems to be of even greater importance while considering the Critical 

State Soil Mechanics (CSSM) framework. Recent advances show that CSSM is lack of 

a fabric parameter. The influence  of  fabric  on  the  anisotropic  nature  of  Critical  

State  and  the  uniqueness  of  CSL  has  profound implications  for  the  universally  

accepted CSSM  theory (Seed et al., 2003). So, it seems of great importance for the 

CSSM framework, which is the main framework where most soil constitutive models lie 
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within, to account for and include fabric anisotropy. To fulfill this need, it is fundamental 

to define a soil fabric tensor that is able to capture the macroscopic mechanical 

anisotropy and – in the same time - be representative for the material microstructure. 

 

2.3 Fabric based on the solid phase 

 

 

Figure 10: Vectors that describe the microstructure of granular materials: np for particle 
orientation, nc for contact normal. 

 

2.3.1 Particle orientation 

 

Soil particles are neither spherical nor ellipsoidal in shape but it is still possible to 

define a major axis for their shape. For shapes such as shown in Figure 10 a major axis 

considering the orientation of the soil grains can be easily defined. Two unit vectors (np, 

-np) are defined on the major axis; these two vectors describe the orientation of the 

grain. Based on those vectors the fabric tensor for particle orientation (particle 

orientation fabric) of this particular grain equals: 

p p p

1

2
= ⊗G n n           (2.1) 
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where Gp is the fabric tensor for particle orientation; the subscript "p" denotes that the 

fabric quantification considers the particle orientation. Note here that the simple 

arithmetic mean of np and -np equals to zero and the arithmetic mean of the absolute 

values equals to one and does not provide the angle of the major axis. 

In the case of a soil sample, the fabric tensor for particle orientation is defined as the 

sum of all the tensor products of all the soil grains: 

p p

p

p p p

Vp

1

∈

= ⊗∑G
k k

kN
n n          (2.2) 

Or in index form: 

p p

p

k kp

ij pi pj

Vp

1

∈

= ∑G

kN
n n          (2.3) 

In which np are the particle orientation vectors which describe the fabric, the symbol 

⊗  is the tensor product of the vectors np and the Latin numbering of vectors implies 

i=1,2, j=1,2 in 2D and i=1,2,3, j=1,2,3 in 3D. Also, ∑ implies the summation over all 

the particles kp of the total volume V and Np
 is the total number of the granular particles 

of the sample. The volume V describes the area in 2D or the volume in 3D where the 

measurement of the fabric takes place.  

In matrix notation the vectors are written in 3D and in Cartesian coordinates as: 

p1

p p2

p3

 
 

=  
 
 

n

n

n

n , and so the tensor product for the vector np of one particle kp is calculated 

as: 

p p p p

p1 p1 p1 p2 p1 p3

k k k k

p p pi pj p2 p1 p2 p2 p2 p3

p3 p1 p3 p2 p3 p3

 
 

⊗ = =  
 
 

n n n n n n

n n n n n n

n n n n n n

n n n n

    

 (2.4) 

For Np particles the summation over the volume results to a tensor: 
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p p p

p p p

p p p p p

p p p p

p p p

p p p

V V V

p

ij pi pj

V V V Vp p

V V V

1 1

∈ ∈ ∈

∈ ∈ ∈ ∈

∈ ∈ ∈

 
 
 
 
 = =
 
 
 
 
 

∑ ∑ ∑

∑ ∑ ∑ ∑

∑ ∑ ∑

G

p p p

p p p

p p p

k k k k k k

p1 p1 p1 p2 p1 p3

k k k

k k k k k k k k

p2 p1 p2 p2 p2 p3

k k k k

k k k k k k

p3 p1 p3 p2 p3 p3

k k k

N N

n n n n n n

n n n n n n n n

n n n n n n

  (2.5) 

 

If the vectors are analyzed based on the angle φ that characterizes their rotation with 

respect to the horizontal, in 2D and in polar coordinates (Figure 11, only X1-X2 plane), 

then: 

p

cos

sin

1

 
 =  
 
 

φ

φn             (2.6) 

and if the 3rd dimension is taken into account (Figure 11), with spherical coordinates the 

vectors become : 

p

sin cos

cos sin

cos

⋅ 
 = ⋅ 
 
 

θ φ

θ φ

θ

n           (2.7) 

 

Figure 11: Analysis of a vector in 3D in spherical coordinates 
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From (2.5) and (2.7) the fabric tensor becomes: 

p p

p

p p p p p p p p

p p p

p p p p p p p p

p p p

p p p p p

p

k kp

ij pi pj

k Vp

2 2 2

k k k k k k k k

k V k V k V

2 2 2

k k k k k k k k

k V k V k Vp

k k k k k k

k V

1

sin cos sin cos sin sin cos cos

1
sin cos sin sin sin sin cos sin

N

sin cos cos sin cos sin

∈

∈ ∈ ∈

∈ ∈ ∈

∈

= =

=

θ

∑

∑ ∑ ∑

∑ ∑ ∑

∑

G
N

θ φ θ φ φ θ θ φ

θ φ φ θ φ θ θ φ

θ φ θ θ φ

n n

p p

p p

2

k

k V k V

cos

∈ ∈

 
 
 
 
 
 
 
 
 
 

∑ ∑ θ

(2.8) 

 

2.3.2 Contact normal vectors 

 

Another way to define fabric based on the solid phase is to use the plane that defines 

the direction of the contact (Figure 10). This plane is defined as vertical to the contact 

point and the plane that is tangent to the particles in contact. On this line two unit 

vectors nc and -nc, contact normal vectors, are defined. 

Based on this definition of contact normal plane and on contact normal vectors, the 

fabric tensor for contact normal vectors (contact normal fabric) can be defined as: 

c c

c

k k

c c c

k Vc

1

∈

= ⊗∑G
N

n n          (2.9)  

Or in index form: 

 c c

c

k kc

ij ci cj

k Vc

1

∈

= ∑G
N

n n          (2.10) 

where Gc is the fabric tensor for contact normal vectors; the subscript "c" denotes that 

the fabric quantification considers the contact normal vectors.  

In addition, nc are the contact vectors which describe the fabric, the symbol ⊗  is the 

tensor product of the vectors nc and the Latin numbering of vectors implies i=1,2, j=1,2 

in 2D and i=1,2,3, j=1,2,3 in 3D. Also, ∑ implies the summation over all the contacts 

kc of the volume V and Nc
 is the total number of the contacts that exist between the Np 
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particles. The volume V describes the area in 2D or the volume in 3D where the 

measurement of the fabric takes place.   

Following the same steps as in 2.3.1, the contact normal fabric tensor can take the 

expression: 

c c

c

c c c c c c c c

c c c

c c c c c c c c

c c c

c c c c c

c

k kc

ij ic jc

k Vc

2 2 2

k k k k k k k k

k V k V k V

2 2 2

k k k k k k k k

k V k V k Vc

k k k k k k

k V

1

sin cos sin cos sin sin cos cos

1
sin cos sin sin sin sin cos sin

N

sin cos cos sin cos sin

∈

∈ ∈ ∈

∈ ∈ ∈

∈

= =

=

∑

∑ ∑ ∑

∑ ∑ ∑

∑

G
N

θ φ θ φ φ θ θ φ

θ φ φ θ φ θ θ φ

θ θ φ θ θ φ

n n

c c

c c

2

k

k V k V

cos

∈ ∈

 
 
 
 
 
 
 
 
 
 

∑ ∑ θ

 

(2.11) 

where θ and φ are the spherical coordinates of vector nc (Figure 11). 

 

2.4 Fabric based on the void phase 

 

2.4.1 Branch vector methods 

 

Voids can sometimes be recognized as void cells. Void cells are characterized by the 

grains that create closed loops and enclose the voids inside those loops. In 2D it is 

always possible to identify voids cells of some kind that can be easily characterised by 

the relative grains. In 3D an extension of the same idea may be possible. 

The 2D case is easily visualised; in Figure 12 a close loop is presented in 2D, and in 

case Figure 12(b) the branch vectors defined of this closed loop are presented. Those 

vectors create a close loop that characterizes the void cell. The branch vectors can be 

exactly defined in the case of disks or ellipsoids but cannot always be strictly defined. 

In any case, for 2D DEM experiments void cells based on close loops can be defined. 

During an experiment the grains change their positions and the void cells may even be 

destroyed as others are created. 
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(a) branch vector   (b) outward normal vectors 

Figure 12: Different vectors based on loop void cell (Kuhn, 1999) 

 

Tsuchikura & Satake (2001) defined the void fabric based on loop tensor for the ith 

void cell from its mi branch vector li,j  (Figure 12(b)):  

i
m 1

i i,j i,j

v _ loop

j 0

1

2

−

=

= ⊗∑G l l          (2.12) 

where mi is the total number of the branch vectors li,j of the ith cell, defined from Figure 

12(a), ⊗  is the tensor product symbol and ∑ defines the summation of the tensor 

product for all the branch vectors of the ith void cell. Tensor 
i

v _ loop
G  depends upon the 

size shape and orientation of the void cell.  

The elongation ratio 22

11

i

v _ loop

i

v _loop

G

G
 is a measure of the average vertical elongation of the ith 

void cell and its height-to-width-ratio is given roughly by 22

11

i

v _ loopi

v _ loop i

v _ loop

=

G
α

G
. The 

isotropic fabric is defined with 
i

v_loop
α =1 and the anisotropy is calculated by the 

difference of the factor 
i

v_loop
α . In order to obtain the fabric anisotropy of a number of 
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void cells, the average height-to-width-ratio v _ loopα  is measured from all the void cells. In 

Kuhn (1999) in order to measure the void fabric evolution, presents the results of a 

numerical (DEM) biaxial test, using the void height-to-width-ratio v _ loopα , as a factor 

measuring the anisotropy of the fabric of the sample. 

A slightly different approach was used from Tai & Sadd (1997) who use the same 

fabric tensor, without the factor of 1/2. They based their approach on Konishi & Naruse 

(1988). From this loop tensor (or local void tensor as also mentioned) the critical facts 

for (Tai & Sadd, 1997)are the principal tensor values 
1

i

v _ loop
2 ⋅G and 

2

i

v _ loop
2 ⋅G , and the 

principal direction θp. Hence, void can be described in the following manner: 

1 2

i i

v _ loop v _loop v_loop
2( )= −H G G  is related to the void anisotropy, 

1 2

i i

v _loop v_loop v_loop
4= ⋅ ⋅S G G  

represents the void area.  

This method is suitable only for numerical experiments as the branch vectors needed 

cannot be easily calculated for a physical experiment. In addition, it seems difficult to 

expand this method to 3D experiments, because in 3D reality the voids are never closed 

loops and extra steps and assumptions will probably be needed. 

 

2.4.2 Two cell system 

 

In Li & Li (2009) the authors proposed a method to measure void fabric based on the 

tessellation of the granular material to a two cell system. The tessellation methods are 

used in order to define continuous subspaces that fill a total space. In geotechnical 

mechanics, tessellation is used in order to define a continuum, divided in subspaces, 

based on the granular materials, that are in reality discrete media. A brief introduction to 

tessellation system is presented below in order for this void method to be better 

explained. 

 

2.4.2.1  Tessellation systems 
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The Voronoi system is the most frequently kind of tessellation. The first step is to 

define the base points of the system. The classical Voronoi tessellation is created by 

defining the subspace that is closer to a specific point than any other point. This creates 

continuous subspaces each of which define a small space, whose characteristic is that 

it is closer to a single point than the other points. The dual system of the Voronoi system 

is the Delaunay system that is defined by the triangles in 2D or tetrahedrons in 3D, 

defined by the vertices-centers of the Voronoi system. The classical Voronoi-Delaunay 

system is represented in Figure 13. 

 

Figure 13: The Voronoi-Delaunay tessellation (Xia Li & Li, 2009) 

 

When using spherical particles to represent the granular material, the Voronoi-

Delaunay system can be easily defined mathematically, as the centers of the spheres 

(disks) are defined as the vertices of the system. However, a general algorithm for 

calculating the tessellation of irregularly shaped particles does not exist. In order to use 

a tessellation that can fit non-regular particle shapes the authors in Li & Li (2009) 

proposed a two-cell system as described below.  

The tessellation of granular materials begins with the tessellation of each particle. 

The particle is defined, for this method, only by is contacts with other particles; the 

contact points of the particle become the vertices of the Delaunay tessellation. The 
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volume enclosed by the Delaunay boundary is defined as solid and the volume outside 

the Delaunay boundary of the particle is defined as void. 

 

Figure 14: The Delaunay tessellation of a particle with an external point - two possible cases 
and the modification of the original algorithm. Delaunay tessellations, regions with 
Delaunay boundaries and region outside are denoted by broken lines, solid lines, 

gray zone and stripped area, respectively (Xia Li & Li, 2009). 

 

Then the next step is to define the relation between the particle and an external point. 

An external point can be "completely" out of the Delaunay boundary, that means the 

solid and void portions are defined straightforwardly, or the external point can be 

"partially" outside the Delaunay Boundary. That means the algorithm that defines the 

Delaunay boundary by default uses the external point as a point of the Delaunay 

boundary (Figure 14-case 2). At this case an extra pseudocontact point is used at the 

intersection of the "real" Delaunay boundary and the edge that leads to the external 

point (Figure 14-case 2 modified).   

Briefly the creation of this dual system is described in three steps: 

1. Calculate the tessellations of each particle by their contact points - creation of the 

Delaunay boundaries of each particle 

2. Calculate the tessellations on all the contact points in the sample 
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3. Search for the intersection of the Delaunay boundary with the Delaunay edges, 

create extra pseudocontact points where needing and update the tessellation system. 

For the physical tessellation system the Delaunay boundaries are modified in a way 

that the boundaries that are left define explicitly the solid and the void portions (Figure 

15). 

 

Figure 15: Physical tessellation system (Xia Li & Li, 2009) 

 

An alternative to the physical tessellation system is the two cell system. This system 

is created so that a cell includes both solid and void portions. There are two kinds of two 

cell system: the solid cell system and the void cell system. As their names declare the 

solid cell system has as its base the solid phase (Figure 16 (a)) and the void cell system 

has as its base the void phase (Figure 16 (b)) of the granular material. 
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(a) The solid cell system   (b) The void cell system 

Figure 16: The solid and the void cell system (Xia Li & Li, 2009) 

 

2.4.2.2 Definition of fabric tensor 

 

In order to define a void fabric tensor the void cell system is used, as it is supported 

to be the best to fit the needs of this kind of tensor. 

In a macroscopic way (for continuum media) the fabric tensor can be identified as: 

0 vc vc vcv _ cell
( ) d

−

Ω

= ⊗ Ω∫G E v n n n�         (2.13) 

where nvc are the vectors connecting the centre of the void cell and the contacts, "vc" is 

numbering the void vectors defined by the void cell system, ⊗  is the tensor product 

and 
vc

( )
−

v n is the average length along direction nvc within the volume. The integration is 

taken over the whole space of interest and Ω is the angle that measures the space 

inside which the fabric is measured. Ω goes from 0-2π in 2D space and from 0-4π in 3D 

space and E0 is used for normalisation over the volume and is 1/2π for 2D and 1/4π for 

3D. 

The fabric tensor can be decomposed in an isotropic and an anisotropic part as: 

v _ cell v _ cell v _ cell
( )= +G 1 Fρ          (2.14) 

where Fv_cell is the anisotropic part of the tensor. 
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Ignoring the higher order terms the directional distribution of the mean void vector 

length 
vc

( )v n  can be approximated as: 

vc vc vc
( ) (1 )= + ⋅ ⋅d

0
v vn n n

 
       (2.15) 

Where d is a non-dimensional second order tensor and 0
v denotes the average 

vc
( )v n over all directions. 

By substituting (2.15) to (2.13) the fabric tensor becomes: 

0

v _cell 0 vc vc vc vc
(1 ) d
Ω

= + ⋅ ⋅ ⊗ Ω∫G dE v n n n n�

     

 (2.16)  

Additionally, in 2D the vector nvc can be represented by its angle θvc respecting the 

horizontal axis where θ=0 (polar coordinates): 

vc

vc vc

cos

sin

1

 
 

=  
 
 

θ

θn . So, the directional 

distribution 
vc

( )v n
 
can be expressed based on the angle θvc and the coordinates of the 

tensor d as: 

[ ]

0 11 22 12 21

vc vc

0

vc v1

( ) 1 cos(2 ) sin(2 )
2 2

1 cos2( )

− + 
= + + = 

 

= + −

d d d d
v θ v θ θ

v d θ θ
   

 (2.17)  

with d11, d12, d21, d22 being the coordinates of the second order tensor d, 

2 2

11 22 12 21
( ) ( ) / 2= − + +d d d d d  and 12 21

v1

11 22

( )
tan(2 )

( )

+
=

−

d d
θ

d d
. 

Based on the (2.17), the fabric tensor of (2.16) can be written as:  

0 v1 v1

v_ cell

v1 v1

1 cos2 sin2
2 2

2
sin2 1 cos2

2 2

 
+ 

=  
 − 
 

G

d d
θ θ

v

d d
θ θ

      (2.18) 

and the anisotropic part of the tensor as: 

v1 v1

v_ cell

v1 v1

cos2 sin2

sin2 cos22

 
=  − 

F
θ θd

θ θ
       (2.19) 
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where G is the fabric tensor and F is the anisotropic fabric tensor. Hence, the fabric 

anisotropy F can be described by d that gives the fabric degree of anisotropy and θv1 

that gives the major principal direction. 

A tensor that defines only the directional distribution of the characteristic vectors nvc 

can be described as: 

vc

vc

N

vc vc vc

k 1vc

1

=

= ⊗∑H
N

n n          (2.20)  

where kvc is the numbering of the void vectors and Νvc is the total number of void 

vectors.   

If we define the directional distribution of the vector density as: 

 
0

vc vc vc vc
( ) (1 )= + ⋅ ⋅aE En n n          (2.21)  

where nvc is one of the characteristics void vectors of the fabric, avc is a non-

dimensional second order tensor, the "vc" is numbering the void vectors and 0
E  

denotes the average 
vc

( )E n  over all directions, then the directional distribution of 

vectors in continuous media can be written as: 

vc vc vc vc k
( ) d (1 ) d

− −

Ω Ω

= ⊗ Ω = + ⋅ ⋅ ⊗ Ω∫ ∫H aE En n n n n n n� � k k k k
.    (2.22)  

Equation (2.20), can be used to measure the Hvc for the discrete medium, whereas 

from (2.21) we can calculate the anisotropy factor for the directional distribution ak and 

thus the directional distribution
vc

( )E n . 

With the knowledge of the directional distribution 
vc

( )E n , the fabric tensor can be 

calculated from the discrete data as follows: 

vc

vc

N

0
v _cell vc vc vc vc

k 1vc

/ ( )
=

= ⊗∑G
E

v E
N

n n n .        (2.23) 

Combining tensors from (2.18) and (2.23) the parameters d (fabric tensor anisotropy), 

and θv1, principal direction can be calculated.  

The fabric tensor of Li and Li is based on the voids of the sample and the void 

vectors nvc are defined inside these voids. It is noted though that the analysis of the 
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fabric tensor made by Li &Li remains the same for every type of fabric tensor (contact 

normal fabric, particle orientation fabric). 

 

2.4.3 REV scan line 

 

Muhunthan, J.-L. & Masad (1996) present a method that deploy the basic ideas 

developed from (Oda et al., 1985) and extends them in order to create a new method of 

characterizing void fabric.  

The base of this method is that the volume of the fabric measurements is a REV 

(Representative Elementary Volume) instead of the whole sample, which means the 

volume with the characteristic property that increase of this volume does not produce 

significant changes to the output, but decrease of this volume means significant 

influence in the results. This REV can have any shape, but for simplicity it is chosen to 

have the shape of a sphere in 3D (or the shape of a circle in 2D); also this sphere is 

transformed to the unit sphere just by transforming the length of the radius. With an 

easy trial and error process this volume can be recognized.  

 

 

Figure 17: The unit sphere chosen as REV of the sample. The hatched areas are the voids and 
the white, solid areas are the solids (Balasingam Muhunthan et al., 1996) 
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In this unit sphere one test line is used with total length Lv_REV=2*1 and orientation, in 

spherical coordinates (θ,φ). The total intersections of the test line with the voids are 

defined as: 

v_REVv_REV i
( , ) ( , )=∑l θ φ l θ φ         (2.24) 

The fraction of the voids intersected by the test line, over the total length of the line is 

defined as: 

v _REV

v _REV

F

v _REV

( , )
( , ) =

l θ φ
L θ φ

L
         (2.25) 

It can be proven that the mean value of this fraction is equal to the mean porosity of 

the sphere (
v _REV sph_REV

< >=L n ). 

The porosity is defined as a directional measure, for the purpose to create a void 

fabric tensor base on the porosity that is connected directly to the void distribution as 

described above. Its distribution can be represented in terms of symmetric traceless 

tensors. If only the second order terms are kept, as they are considered to be sufficient 

in order to capture the distribution of the porosity: 

v_REV

v_REV sph_REV ij v_REVi v_REVj
( ) (1 )= +Gn n u uu       (2.26) 

v _REV

ij v _REVi v _REVj v _REV

sph_REV

1
( )du

4
Ω

=

π ⋅
∫G u u n

n

u       (2.27) 

where uv_REV is the unit vector defined by the (θ,φ) spherical coordinates, n(uv_REV) is 

the directional porosity that is a function of the vector uv_REV - as porosity is a distribution 

and its value changes according to the orientation. Also, nsph_REV is the mean porosity 

calculated from the unit sphere, 
v_REV

ij
G  is the second order fabric tensor and the 

integration takes place over the area Ω, that in this case is the whole unit sphere. 

This method is suitable for numerical and physical experiments. It is also a method 

that can be defined for both 2D and 3D experiments and its application is pretty 

straightforward for any of these cases.  
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2.4.4 Scan line approach 

 

This method is analyzed in a systematic way by Ghedia & O’Sullivan (2012) and is 

also based on the work made by Oda et al. (1985). The basic idea is that by scanning a 

sample of granular material with parallel lines, it is easy to recognize the voids from the 

solids. So by scanning with parallel lines with inclination angle between -900 and 900, 

the fabric of voids is easily recognized for every angle θsl.  

 

 

Figure 18: Scan line approach (θ=100) 

 

The steps of this method are rather straight forward: the sample under account is 

scanned with lines with inclinations between -900 and 900. For each angle, series of 

lines are used in order to separate and measure voids from solids (Figure 18). Then, the 

void fabric tensor can be described as defined in Oda et al. (1985): 

90
Oda

vsl_ ij sl i j ij

90sl

1 1
4

4

θ=

θ θ θ

θ=−

 
= − 

 
∑G δl

L
p p  in 2D        (2.28) 

90
Oda

vsl_ ij sl i j ij

90sl

15 1 1

2 5

θ=

θ θ θ

θ=−

 
= − 

 
∑G δl

L
p p  in 3D      (2.29) 

where 
Oda

vsl_ijG  is the second order void fabric tensor, 
sl

θ
l is the mean length of a line that 

cut a void for angle θ, Lsl is the total length of lines that cuts a void for all the angles θ, 

i

θ
p  and j

θ
p   is the unit vector with inclination angle θ and 

ij
δ  is the kronecker delta. 
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A slightly different equation is proposed by Ghedia & O’Sullivan (2012) for the 2D 

case, where the void fabric tensor is given by: 

sl

G O G O 290
vsl _11 vsl _12G O

vsl _ ij G O G O 2
90slvsl _ 21 vsl _ 22

cos cos sin1

cos sin sin

− −
θ=

θ−

− −

θ=−

    
= =         

∑G
G G θ θ θ

l
LG G θ θ θ

 in 2D  (2.30) 

where 
G O

vsl_ij

−

G  is the second order void fabric tensor, sl
θ

l  is the fraction of total length 

of voids measured by a scan line inclined at angle θ, over the total number of individual 

voids crossed by scan line at angle θ and , Lsl is the total length of lines that cuts a void 

for all the angles θ. 

This method is suitable for numerical and physical experiments as the scan line 

method is described as an image processing procedure. It is also a method that can be 

used for 2D and 3D experiments and its application is pretty straightforward for anyone 

of these cases.  

 

2.4.5 Scan line method with analytical derivation 

 

For the scan-line approach as it is defined in Ghedia & O’Sullivan (2012), and 

described above, an image processing method is used in order to measure the void 

length 
sl

θ
l  for each inclination angle. When using the Discrete Element Method (DEM) 

the image process analysis used from the authors in Ghedia & O’Sullivan (2012) is not 

needed because the positions and the geometry of solids are known and calculated at 

each step. As a result, we propose that for the DEM analysis this length can be 

measured in an “analytical” way that does not include image analysis. 

Initially, there is a need to remove the solids that are loose inside the sample, which 

means they do not participate to the force chains that carry the loads, because these 

solids are, at the present moment when they are identified, inactive and so should be 

considered as voids (Figure 19). These particles will be referred as inactive (rattlers). In 

the next step of the analysis, if they get in contact with other particles then these solids 

are taken into account as solid particle; but if there exist no contacts for a particular 
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grain, this inactive particle cannot be considered as solid, from the point of view we 

have in this analysis. 

 

 

Figure 19: The particle inside the red circle is inactive and is considered as void (with orange 
color are the granular particles, with black color are the chain forces, with white color 

the voids of the sample). 

 

After the determination of the active solids, the whole space is scanned by parallel 

lines with a certain inclination angle (e.g. Figure 18). The inclination angle varies from -

900 to 900. For each parallel line, it is easy to find the intersection points between the 

scan line and the particles. Those points are listed from smaller to larger coordinates, 

based on the angle of the line. So two adjacent points that do not belong to the same 

particle define a void segment, or a void vector. Each void vector can be defined from 

its unit vector vs
k

n and the length vs
k

v , so that void vector vs vs vs
k k k

= ⋅vv n . 

In that way for each scan line we have the total void length by adding all the void 

vectors and the number of those void vectors, so that the average void vector for the 

line and for each specific angle can be calculated. Thus, 
sl

θ
l , the mean length of a line 

for angle θ, is calculated for all the chosen angles θ. 

The void fabric tensor can be calculated as before based on the void length for each 

inclination angle as proposed by Oda et al. (1985): 

90
Oda

vsl_ ij sl i j ij

90sl

1 1
4

4

θ=

θ θ θ

θ=−

 
= − 

 
∑G δl

L
p p  in 2D       (2.31) 
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90
Oda

vsl_ ij sl i j ij

90sl

15 1 1

2 5

θ=

θ θ θ

θ=−

 
= − 

 
∑G δl

L
p p  in 3D      (2.32) 

where  
G O

vsl_ij

−

G  is the second order void fabric tensor, sl
θ

l  is the fraction of total length of 

voids measured by a scan line inclined at angle θ, over the total number of individual 

voids crossed by scan line at angle θ and, Lsl is the total length of lines that cuts a void 

for all the angles θ, 
i

θ
p  and j

θ
p   is the unit vector with inclination angle θ and 

ij
δ  is the 

kronecker delta. 

Though, another void fabric tensor, closer to the definitions for other types of fabric 

tensors based on the solid phase is defined for our purpose: 

θ
θ θ

θ
θ =−

θ=−

= ⊗∑
∑

ℓ

ℓ

sl
sl sl

sl
sl

90

vs vs vs90

90

90

1
G n n         

(2.33) 

(in a discrete setting) where θ
sl

vs
n  is the unit void vector defined from scan line approach 

for a specific angle θsl and is constant for this angle, ⊗ is the tensor product, 
θ

ℓ
sl

is the 

mean length of scan lines for the angle θsl (i.e. total length of line segments for angle θ 

over the total number of scan line segments for the same angle), and θsl is the angle of 

the scan lines that goes from -900 to 900. Finally, it is important to notice that the trace of 

this tensor equals to 1 (
vs

tr 1=G ).  

By applying the method described above a void fabric tensor can be calculated in a 

physical way. The advantages of this method are the direct way that the voids are 

calculated for each inclination angle and the objectivity of the method that can be 

applied without the need for the researcher to interact with the sample. Another 

important aspect of the method is that it can be easily and directly applied to 3D models. 
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Chapter 3 Virtual experiments with DEM 

 

3.1 Introduction 

 

In the current work, as an initial and simplified approach, the evolution of the fabric 

tensor in case of mechanical loading of a soil sample was considered using 2D 

experiments. The experiment type presented in this chapter and used in this thesis will 

be called biaxial experiment; this is not the only type of biaxial presented in literature 

and this is the reason for describing our biaxial test in detail. In two dimensions, the 

biaxial test is one that can create similar conditions with a triaxial test, definitely limited 

by two dimensions. This test has the capability of several loading paths that can 

produce results concerning the tested sample. The specific procedure of the test is 

described below as well as the properties of each experiment. The macroscopic results 

are exploited and validated in order to assure that the virtual experiments are 

representative of small scale physical experiments for  real soils; the response has to be 

similar, with that of a soil sample under usual tests.  

Nevertheless, in reality, triaxial tests are very frequently used to quantify the 

response of a soil, measure important soil parameters and evaluate a specific sample's 

mechanical properties; they should be used in future works to evaluate the results of the 

current work in 3 dimensions. However, this option is not included in the current work; 

as already stated above, the results of the current work should be evaluated using 3D 

experiments, which should be considered in future works. 

 

3.2 Experiment description 
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A typical 2D experiment has an initial configuration of a rectangular shape. At first the 

boundaries are created; all the tests described herein include rigid boundaries in the 

sense defined in PFC2D® (Appendix A, Boundaries), which are defining in a specific 

way the inside and the outside space of the sample. The virtual biaxial experiments use 

two different types of particle shape: experiments with circular particles (disks) and 

experiments with clumps (elongated particles) (Appendix A, Particle shape). The 

particles' shape is of great importance in DEM, as it is already stated in the literature 

(Pena, 2008; Radjai & Azéma, 2009; Szarf, Combe & Villard, 2011). 

 

3.2.1 Granular models 

 

The granular model used for disks’ experiments is characterized by their radius (r) 

and have a unit thickness (t) in the, out of plane, third axis. We choose the radius of 

those disks to have an average value of r =0.001m (=1mm). Different distributions for 

the disk radii around this average value were also considered. The out of plane 

thickness t is equal to 1m; that unit thickness means that the out of plane axis simulates 

rods that have a third axis significantly larger than the other two (t=1m >> r =0.001m). 

For one virtual experiment, thickness of disks is defined as twice the mean average 

radius, i.e. t=0.002=2mm, in order to examine the effect of t in the results of this third 

dimension. Notice that existing literature includes physical experiments similar to those 

described in this paragraph, where rods are defined as Schneebeli material (F Calvetti, 

Combe, & Lanier, 1997). 

The granular model of the clumps is based on the way the clumps are created by 

disks. The clump shape is based on the defined clump template. A clump example is 

presented in Figure 48 (Appendix A, particle shape); this clump has a middle disk that 

has radius r1 and two more (a right and a left one) with radius r2. Additionally, the disks 

are joined in a way that the centre of the middle disk and each one of the centre of the 

extremes have a distance r1-r2, or the centres of the extremes lie on the perimeter of the 

middle ball. The three centres lie on the same line. This clump is of type "peanut" and is 

the type of clump used in this thesis (Appendix A, Particle shape). 
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At first disks are generated; the disks have the same out of plane thickness, the 

same distributions and the same volume as the clumps that will be created. Then disks 

are replaced with clumps that have the same volume and centroidal position. Based on 

the volume and the template of the clump (i.e. "peanut" type) the final geometry of the 

clump is calculated.  

 

3.2.2 Sample creation 

 

The specimen is created into a specific rectangle area that is surrounded by four rigid 

walls. We specify this area by defining the width and the height of the walls (we have a 

2D experiment, so height and width is enough to fully describe the geometry since the 

thickness (t) of the third dimension is equal to those already defined for grains). Inside 

this area a number of particles are created based on the granular model that is selected 

and the porosity of the area (fraction of the volume of voids over the total volume).  

The initial width on disk experiments is equal to 10cm and the initial height of the 

samples is equal to 20cm; the ratio height/width is for all samples equal to 2 (Figure 20). 

The effect of particle distribution on the results was taken into account by introducing 

two different distributions for the particles a uniform and a Gauss distribution (Figure 20 

(a) and (b)); the mean radius is the same for both distributions. Consequently, the 

Gauss distribution is described by a mean value equal to 1mm and a standard deviation 

equal to 0.3mm. 

 



Chapter 3  Virtual experiments with DEM 

38 

 

        

            (a)                     (b)             

Figure 20: Initial configuration of rectangle samples for biaxial experiment with disks. For all 
samples initial width=10cm and height=20cm. Different distribution of particles         

:(a) uniform distribution (a) Gauss distribution. 

 

The method used for the generation of the grains/particles of the sample is the so 

called "generation by radius expansion" method and is proposed and explained in detail 

in the User's Manual of PFC 2D Section 3.3.2.1 (Version 4.0. Itasca Consultants Group 

Inc (1999, Minneapolis)). The created sample is quite homogenized and does not 

present significant non-uniformity or arching phenomena before the initiation of the 

sample loading. 

Another important issue considering the creation of the sample is the number of 

disks. Too few disks (e.g. 200) have no real importance as the results are not 

representative of those obtained from physical experiments. On the other hand it is not 

possible to use extremely many disks (e.g. 100,000) as the simulation time is not 

tolerant and the simulation cost is great. Similar tests in the existing literature use a 

number of particles which varies between 2000-40000 (Fu & Dafalias, 2011; Xia Li et 

al., 2011; Tong et al., 2013); In our simulations most experiments have approximately 

4500 disks.  
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For the elongated particles’ tests, the initial width is equal to 10cm and the initial 

height of the samples is equal to 10cm. So, the ratio height/width is for all samples 

equal to 1. For a uniform distribution, the particle radii vary from 1.3mm to 0.7mm. 

Finally, considering the number of clumps, given that each clump consists of three 

disks, the number that can be used is more limited. Most of the virtual experiments were 

ran using approximately 2500 clumps; this is considered to be an adequate number for 

obtaining representative results based on the validation procedure followed for the 

herein presented tests. The sensitivity of the clumps’ number on the results was tested 

using a 6000 clumps test.  

 

3.2.3 Sample preparation 

 

The particle generation is followed by the assignment of certain properties, in order to 

model the response of a real soil; most of those parameters are described from the 

DEM perspective in Appendix A. 

A very important micromechanical aspect of the DEM analysis, which very much 

influences the macromechanical behavior of the soil medium is the contact model, as 

underlined in Appendix A, contact model. In this analysis a linear contact model is used; 

this model is the simplest contact model. Nevertheless, it should be underlined that 

results using this model, despite its simplicity, can be compared with results given by 

more complicated models (Di Renzo & Di Maio, 2004; Zhu & Yu, 2006). It should also 

noticed that as can be easily observed in Table 1, it is the most common contact model 

in existing relevant analyses. 

As it is suggested in Francesco Calvetti (2008) the stiffness of a given assembly is a 

function of the ratio between normal contact stiffness (kn) and the diameter of a sphere 

(kn/D) with a minor influence of the ratio ks/kn. In 2-dimensional problems the important 

ratio for the stiffness of the sample is the ratio kn/t, where t is the thickness of the 

particles in the third out of plane axis. Under this perspective we summarize the 

literature values of the micromechanical parameters shown in Table 1. 
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Author(s) Dimension Contact model 
Boundary 

conditions 

Interparticle 

Friction 

Number 

of 

particles 

Particle shape 

Pena 

(2008) 
2D 

Linear 

(kn=1.6e8N/m, 

ks/kn=0.33) 

rigid 0.55 400 Polygonal 

Fu & 

Dafalias 

(2011) 

2D 
Linear 

(ks/kn=0.33) 
rigid 0.70 ≈8000 Elliptical 

(Xia Li et 

al., 2011) 
2D 

Linear 

(kn=1e5N/m, 

ks/kn=1.00, 

t=0.0002m) 

rigid 0.50 ≈3500 Clumps 

Szarf, 

Combe & 

Villard 

(2011) 

2D 

Linear 

(kn=1e7N/m, 

ks/kn=1) 

rigid 0.5 5000 
Disks/clumps/ 

polygons 

Francesco 

Calvetti 

(2008) 

2D 

Linear 

(kn=1e8N/m, 

ks/kn=1.0) 

rigid 0.3-0.55 2500 Disks 

Wang & 

Gutierrez 

(2010) 

2D 

Hertz–Mindlin 

(G=29GPa, 

ν=0.3) 

unknown 0.5 
1000-

11000 
Disks 

Table 1: Parameters for virtual experiments in literature 

 

Several parameters have been tested considering those micromechanical properties, 

in order to measure the effect of these properties on the response of the sample (Table 

2, Table 3).  

 

Sample's name 
kn 

(10^6 N/m) 

t 

(m) 
f 

D2L500_0.5 500 1 0.5 
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D2L100_0.5 100 1 0.5 

D2L50_0.5 50 1 0.5 

D2L10_0.5 10 1 0.5 

D2L1_0.5 1 
0.00

2 
0.5 

Table 2: Micromechanical parameters for experiments with disks 

 

Sample's name 
kn 

(10^6 N/m) 

t 

(m) 
f 

Cl2L500_0.5 500 1 0.5 

Cl10L10_0.5 10 1 0.5 

Table 3: Micromechanical parameters for experiments with clumps 

 

Following the above mentioned statements, the sample's normalised stiffness En=kn/t 

is calculated to be 50-500MPa. This is a range in accordance with usual literature 

values. In Francesco Calvetti (2008) it is suggested that Eo=2-2.5*kn/t  in 2D, that 

means in our case Eo=100-1000MPa. Notice that typical values for Young modulus for 

real 3D sands are 20-80MPa; given that in 2D the samples are in general stiffer (the 

third dimension is not taken into account) the values used are compatible with those of 

real sands and existing literature. 

The walls that surround the area, and impose the boundary conditions, have also a 

normal and a tangential stiffness, as their interaction with the particles is ruled by the 

same laws that describe the interactions between particles. We choose for the walls to 

have only normal stiffness (tangential stiffness and interparticle friction equal zero) and 

we assign for them the same values as the micromechanical normal stiffness between 

particles. Friction and tangential stiffness for boundaries is considered equal to zero, so 

that stresses applied on the wall are principal stresses (null shear stresses).  

 

3.2.4 Isotropic compression 
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During this preparation phase, an isotropic compression stress is applied around the 

sample. The isotropic compression takes place by moving the walls with a certain 

velocity, so that the confinement stress is kept consant. We have a required stress (the 

confinement stress we seek for) and a measured stress. The measured stress is the 

fraction of the total force applied on the wall by the particles that are in contact with it 

(summation of the forces of the particles), over the length of the wall that defines the 

sample area.  

Throughout the loading, stress is converging to the required stress state by adjusting 

the velocity of the walls. This is a simple servomechanism to define stresses on 

boundaries; the details of it are described in detail in User's Manual of PFC 2D section 

3.7.3.1: Computing and Controlling the Stress State (Version 4.0. Itasca Consultants 

Group Inc (1999, Minneapolis)) 

By employing the above mentioned procedure, the initial sample is isotropically 

loaded to the required initial hydrostatic pressure. As it is suggested before, the sample 

is created so that after generating the particles, the initial pressure would be close to the 

required hydrostatic pressure. 

 

3.2.5 Calm Procedure 

 

After the end of the isotropic compression, when the assemble has reached the 

required stress, and before the loading experiment takes place, a “calm” procedure is 

applied. During this procedure we apply some extra calculation steps to the sample, but 

every some few calculations steps we set the rotational and translational velocity of the 

particles to be zero. This operation takes place in order to nullify the kinetic energy of 

the sample and ensure its homogeneity. 

This procedure, at the end gets the specimen in an equilibrium condition where great 

contact forces (i.e. concentrated focres over a small area) does not exist and the 

convergence to this condition has been achieved with a normal way, that means the 

sample was not forced equilibrium but is in a physical state. 
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3.2.6 Loading in vertical compression tests 

 

Finally, a vertical load is applied as the main and final procedure of the experiment. 

This load is applied through the movement of the walls with an adjacent velocity, 

towards a required stress state; in the same way as in isotropic compression, the total 

force applied by the particles to the wall over the length of the wall gives the stress 

applied. A velocity is applied to the wall, in order to take the stress condition we desire, 

with the same governing equations as described above in 3.2.4. This velocity is also 

governed by a relaxation factor ( w

stab
a ). We choose this factor so that the particles' 

velocity is small enough to assume quasi-static conditions.  

The vertical stress is increased until the critical state is reached and the axial 

deformation is large enough to draw conclusions for the critical state of the sample. 

During the experemint, the horizontal stress is decreased so that the hydrοstatic stress 

x y1 2

2 2

+ +
= = 

 

σ σσ σ
p  remains constant, equal to that of the isotropic compression. 

This type of loading for this type of two dimensional experiment will be called, for this 

thesis, biaxial experiment.  

 

3.2.7 Implementation issues 

 

3.2.7.1 Loading in small steps 

 

During the biaxial experiment, the desired stress path for the evolution in p'-q plane, 

is described in Figure 21 (a). As already mentioned above, the hydrostatic pressure p' is 

kept constant as the deviatoric stress (q) is increased until critical state. It is underlined 

that there is no difference between effective and total stresses as there is no water 

pressure to calculate. As described in 3.2.4 the loading is imposed with a given velocity 

on the walls; in every step the internal stress is measured and compared to the required 

one so that the velocity is calibrated in each timestep. Stability is ensured by a certain 
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choice of a timestep; that means that the required final stress is broken into smaller 

segments-load steps, as shown in Figure 21. Instead of defining the final stress state, 

that is not even known from the initiation of the experiment as critical state is not 

predefined, small steps of "required" stresses are applied. In that way the velocities 

calculated for the walls are small enough for quasi-static conditions and stable and the 

stress path towards critical state is more physical. 

 

 

            (a)                      (b) 

Figure 21: The total loading path (a) is broken into smaller load steps (b) in order for the load to 
be less dynamic and for physical and numerical stability 

 

3.2.7.2 Loading rate 

 

As it is already mentioned before, we impose the loading procedure to take place 

under quasi static conditions. Actually, a velocity is applied to the walls in order that the 

stresses finally reach the desired state, with a tolerance 10-5. The imposed velocity has 

to be small enough, so that the experiment happens truly under quasi static conditions. 

Pena et al. (2006) have chosen the strain rate (that governs the velocity) to have a 

maximum value of 0.02s-1.  

In the herein presented work, the velocities are calibrated always based on the 

relxation factor w

stab
a . If we obtain the strain rate from the diagram of strain versus time 

q q
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for boundaries, this would lead, in this biaxial test, to velocities less than 2*10-3; in our 

case the imposed velocity is near 5*10-4 or less. Thus, the velocities are considered 

small enough to assume quasistatic conditions. 

 

3.2.7.3 Homogeneity of the sample 

 

A very important aspect of the virtual experiments is to ensure homogeneity of the 

samples. Normal and shear stresses along with porosity are measured inside the 

sample using representative elementary volumes which are defined by indicative 

measurement circles (Figure 22). Measured stresses are inside a tolerance level (5%) 

of the total stresses applied on the boundaries, thus homogeneity of the samples is 

assured. 

 

 

Figure 22: Definition of nine measurement circles inside specimen in order to check the 
homogenization of the sample 

 

3.3 Biaxial experiments with disks 
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The name of each experiment is based on the several properties of the sample and 

the loading procedure. The first letter denotes disks (D) or clumps (Cl); the number after 

the first letter denotes the mean pressure *100kPa. The value after L is the value of kn* 

106 N/m. Last value is the micromechanical friction between particles (i.e. interparticle 

friction). If extra differences exist from the base experiment (e.g. non uniform 

distribution) they are stated explicitly at the end of experiment's name. 

For example, the D2L500_0.5Gauss experiment has disks as particles, p=2*100kPa 

mean pressure, kn=500*106N/m, interparticle friction f=0.5 and a gauss distribution of 

the particles.  

 

3.3.1 Parameter description 

 

For the purposes of this thesis 8 biaxial experiments have been ran until critical state 

conditions are reached. The parameters used for these experiments are summarized in 

Table 4. The base experiment has a hydrostatic pressure p=0.2MPa, 4300 disks, 

kn=ks=5*108N/m, thickness of disks t=1m, interparticle friction f=0.5 and a uniform 

distribution for disks (always with average radius r =1mm); one experiment has a 

different mean pressure p=0.5Mpa to check the mean pressure effect. Two more 

experiments are testing the results with respect to different micromechanical 

parameters (see also 3.2.3). Two experiments are considering different interparticle 

frictions than 0.5: f=0.3 and f=0.4. Finally, one experiment has different particle 

distributions, Gauss distribution, than the uniform that is the reference distribution used.  

The initial void ratio is calculated after the isotropic compression. It is not a 

predefined value as it is based on the geometry of the sample, the number of the disks, 

the micromechanical properties and the hydrostatic pressure. Furthermore, it is not 

possible to keep the void ratio limited; the calculated measurements provide a void ratio 

variation from 0.20 to 0.25.  

The parameter analysis described above, is an effort to include the effects of the 

most important parameters of the DEM analysis in the final results of the biaxial 

experiments. 
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 Sample's name 

mean 

pressure 

(*100 kPa) 

Initial 

void 

ratio 

number 

of disks 

kn 

(106 N/m) 

t 

(m) 
f distribution 

D2L500_0.5 2 0.248 4300 500 1 0.5 uniform 

D5L500_0.5 5 0.241 3000 500 1 0.5 uniform 

D2L1_0.5 2 0.248 4300 1 0.002 0.5 uniform 

D2L50_0.5 2 0.230 4700 50 1 0.5 uniform 

D2L100_0.5 2 0.229 4700 100 1 0.5 uniform 

D2L500_0.3 2 0.230 4300 500 1 0.3 uniform 

D2L500_0.4 2 0.227 4300 500 1 0.4 uniform 

D2L500_0.5Gauss 2 0.233 4300 500 1 0.5 Gauss 

Table 4: Parameters for virtual experiments with disks 

 

3.3.2 Macroscopic Results 

 

3.3.2.1 Base experiment D2L500_0.5 
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        (a)           (b) 

Figure 23: Macroscopic response for base experiment D2L500_0.5; diagrams for stress ratio 
versus vertical axial strain (a) and void ratio versus vertical axial strain (b) that 

correspond to typical soil sample response. 

 

Representatives values for the several parameters of the specimen were selected for 

the base experiment for disks. The mean hydrostatic pressure that is applied at the 

isotropic compression procedure is equal to 200kPa; this is a typical stress for soil 

applications. Furthermore, the micromechanical parameter values are kn=5*108 N/m, 

ks=5*108N/m, particle thickness t=1m and friction f=0.5. As already explained above and 

according to existing literature, these are parameter values commonly used to represent 

geomaterial response. Furthermore, 4300 disks are created inside the sample with a 

uniform distribution and initial void ratio 0.248; this also lies in the range of values that 

can be found in soil samples.  
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Figure 24: Typical response for loose (1) and dense (2) sands for triaxial experiments. ε1 is the 
axial strain of the loading axis (Kavvadas, 2007) 

 

Based on Figure 24, the evolution of the stress ratio q/p' versus the axial strain 

(Figure 23 (a)) can be considered a typical response for a soil sample. At first there is 

an increase of stress ratio with the evolution of the loading and the increase of the 

vertical axial strain; then the stress ratio reaches a plato where q/p' is almost constant. 

Furthermore, the void ratio decreases from it's initial value (Figure 23 (b)) denoting in 

that way the decrease of the voids as the loading takes place. This is also typical 

response for loose sand specimens (Figure 24). In addition from these two macroscopic 

diagrams (Figure 23 (a) and (b)) it is possible to suggest that the sample has reached 

critical state conditions at approximately 10% of it's axial strain as the stress ratio q/p' 

and the void ratio have reached a constant value as CSSM needs. 

 

3.3.2.2 Different hydrostatic pressure 
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         (a)               (b) 

Figure 25: Macroscopic response for different hydrostatic pressures (200kPa and 500kPa); 
diagrams for stress ratio versus vertical axial strain (a) and void ratio versus vertical 

axial strain (b) that correspond to typical soil sample response. 

 

The macroscopic response for different initial hydrostatic pressures is presented in 

Figure 25. In order to examine the influence of this parameter two pressures are uses 

200kPa and 500kPa; both are values that can be related to soil stress conditions. The 

void ratio diagrams (Figure 25 (b)) are almost identical as they start from very close 

values and reach a critical state value near 10% of axial strain. The stress ratio for the 

two cases are very close (Figure 25 (a)); for p=200kPA the initial slope for increase of 

q/p' versus the vertical axial strain (similar to an elastic modulus) seems to be smaller 

than for p=500kPa (the earlier is stiffer) but the difference lies inside the possible scatter 

of this loading; at the end when the experiments reach critical state value 

(approximately 10% of axial strain) they reach practically the same critical state value.  

 

3.3.2.3 Different distributions 

 

Two different experiments on circular particles, assuming the same mean grain 

radius are used to examine the influence of the distribution on the macroscopic 
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response. The main distribution that is used throughout this parametric analysis is the 

uniform distribution; a Gaussian distribution is used additionally to the reference one.  

 

 (a)      (b) 

Figure 26: Distribution diagrams for uniform (a) and Gauss (b) distributions. 

 

In Figure 27 the results for different grain distributions are presented; it is concluded 

that there does not exist an important influence of this parameter. There is the same 

typical response for a soil experiment and the final critical state value is approximately 

the same for all cases. There seems to be a difference on the way different samples 

reach the critical state as the Gaussian distribution has a larger slope (it is stiffer) and 

reaches its final value for lower axial strain, but this does not change drastically the 

sample's response. 
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         (a)               (b) 

Figure 27: Macroscopic response for different grain distributions (uniform and Gauss); diagrams 
for stress ratio versus vertical axial strain (a) and void ratio versus vertical axial strain 

(b) that correspond to typical soil sample response. 

 

3.3.2.4 Different micromechanical parameters 

Four different experiments assuming different micromechanical parameters have 

been also considered; the micromechanical parameters are of great importance in DEM 

as they are the key factor in describing the material that is simulated; different 

micromechanical parameters actually describe different mechanical properties.  
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   (a)         (b) 

Figure 28: Macroscopic response for four different micromechanical parameters 
(kn=500*106N/m-t=1m, kn=100*106N/m-t=1m, kn=50*106N/m-t=1m and kn=10*106N/m-
t=1m); diagrams for stress ratio versus vertical axial strain (a) and void ratio versus 
vertical axial strain (b) that correspond to typical soil sample response. 

 

It can be easily observed that (Figure 28 (a)), the responses are not very different; 

there is an important difference in the "elastic" part where q/p' increases with axial strain 

and that happens due to the different elastic behavior. As it is stated in 3.2.3 kn/t is 

equivalent to the elastic part of the material and this is reflected in this figure. 

Nevertheless, it is not clear what part could be resulted from the DEM scatter and what 

is actually because of the different materials. The critical state value is the same for the 

two samples despite the difference in kn. It is important to notice that for smaller kn there 

is less fluctuations in the q/p' diagram. 

Furthermore, the initial void ratio is very different due to the difference in the 

micromechanical parameters (Figure 28 (b)). As underlined above (3.3.1) the void ratio 

is not a predefined parameter but is calculated after the creation of the sample and so 

there exist this difference in the initial void ratio. Despite that, the evolution of the void 

ratio for the two experiments is similar from the beginning until critical state.  
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Figure 29: Macroscopic response for two different micromechanical parameters (kn=500*106N/m 
and kn=1*106N/m with thickness t=0.002m); diagrams for stress ratio versus vertical 
axial strain (a) and void ratio versus vertical axial strain (b) that correspond to typical 
soil sample response. 

 

The base experiment is also compared with a sample that has very different kn and 

thickness but the same ratio kn/t. The value kn is very low, that means this is not a 

representative soil material but rather a limit state, with low stiffness, of this granular 

material The two virtual experiments' responses are very close (Figure 29), as they 

were expected to be. There does not seem to be much difference to the material as 

long as the ratio kn/t (that represents totally the elastic part) remains the same.  
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3.3.2.5 Different interparticle friction 

 

Figure 30: Macroscopic response for three different interparticle friction parameters (f =0.3, 0.4, 
0.5); diagrams for stress ratio versus vertical axial strain (a) and void ratio versus 
vertical axial strain (b) that correspond to typical soil sample response. 

 

 Three different values have been used for interparticle friction, 0.3 0.4 and 0.5. 

These are typical values and representative for the values usually used in literature but 

also for a typical soil mass. From Figure 30 (a) it is easily concluded that there is no 

practical difference between the three virtual experiments. They present the same 

properties considering the stiffness and the critical state values. In addition the void ratio 

values are initially very close and follow an almost identical path. From the results 

presented in Figure 30 it is deduced that the three experiments do not have differences 

among them. 

 

3.4 Biaxial experiments with clumps 

 

The code name of each experiment is defined in the same way as for disks 

(presented above in 3.3); the only change is the first letter denotes disks (D) or clumps 

(Cl). The number following denotes the mean pressure *100kPa. The value after L is the 
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value of kn* 106 N/m. Last value is the interparticle friction. If extra differences exist from 

the base experiment (e.g. non uniform distribution) they are stated explicitly at the end 

of experiment's name. 

For example, the Cl2L500_0.5 experiment has clumps as particles, p=2*100kPa 

mean pressure, kn=500*106N/m, friction f=0.5 and a uniform distribution.  

 

3.4.1 Parameter description 

 

In addition to the experiments for disks, the experiments for clumps take into account 

the elongation of the particles shape. 7 virtual experiments have been simulated until 

they reached critical state conditions; the parameters used for these experiments are 

summarized in Table 5. 

The base experiment has a hydrostatic pressure p=0.2MPa, 2500 clumps, 

kn=ks=5*108N/m, thickness of clumps t=1m, friction f=0.5 and a uniform distribution. The 

characteristics of the base experiment for clumps are as close as can be to the ones for 

disks. One experiments has a different mean pressure p=0.5Mpa to check the mean 

pressure effect. One experiment has more than twice the clumps of the other, 6000 

clumps, to check that the number of clumps chosen is appropriately chosen as 

representative. One other experiment is testing the results with different 

micromechanical parameters (see also 3.2.3). The virtual experiments ran for these 

analyses are summarized in Table 5. The main purpose of this chapter is to check the 

different shape of the particle; initially the difference in parameters for this different 

shape is of less importance. 

The initial void ratio is calculated after the replacement of the disks with clumps and 

the isotropic compression. It is related to the geometry of the sample, the number and 

the shape of the clumps, the micromechanical properties and the hydrostatic pressure. 

Furthermore, due to these reasons it is not possible to keep the void ratio limited. 

 

Sample's name 
mean 

pressure 

Initial  

void 

number 

of 

kn 

(10^6 

t 

(m) 
f distribution 

particle 

elongation 
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(*100 

kPa) 

ratio clumps N/m) L/B 

Cl2L500_0.5 2 0.281 2500 500 1 0.5 uniform 1.5 

Cl5L500_0.5 5 0.269 2500 500 1 0.5 uniform 1.5 

Cl10L500_0.5-

6000 
10 0.270 6000 500 1 0.5 uniform 1.5 

Cl10L10_0.5 2 0.243 2500 10 1 0.5 uniform 1.5 

Table 5: Parameters for virtual experiments with clumps 

 

3.4.2 Macroscopic results 

 

3.4.2.1 Base experiment Cl2L500_0.5 

 

  

         (a)               (b) 

Figure 31: Macroscopic response for base experiment Cl2L500_0.5; diagrams for stress ratio 
versus vertical axial strain (a) and void ratio versus vertical axial strain (b) that 

correspond to typical soil sample response. 

 

e
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The base experiment of clumps is designed to be as similar as possible with disks, 

with the difference of the shape of the particles. So the experiments parameters are the 

same as for the disks base experiment: the mean hydrostatic pressure that is applied at 

the isotropic compression procedure is equal to 200kPa; this is a typical stress for soil 

application. Furthermore, the micromechanical parameters values are kn=5*108 N/m, 

ks=5*108N/m, particle thickness t=1m and friction f=0.5. As stated above these are 

parameter values that can represent a real soil sample. With these parameter values, 

2500 clumps are created inside the sample with a uniform distribution and initial void 

ratio 0.281; this is a normal value for a soil sample typical sample. 

Once again typical response of a loose sand sample is recognized in comparison 

with Figure 24.There is an increase of q/p' until the reach of critical state when there is a 

critical value. Furthermore, the void ratio decreases from it's initial value (Figure 31 (b)) 

denoting in that way the decrease of the voids as the loading takes place. This is also 

typical response for loose sand specimens (Figure 24). In addition from these two 

macroscopic diagrams (Figure 31 (a) and (b)) it is possible to suggest that the sample 

has reached critical state conditions at approximately 11%-12% of it's axial strain as the 

stress ratio q/p' and the void ratio have reached an almost contant value as CSSM 

needs. 

 

3.4.2.2 Number of clumps 
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         (a)               (b) 

Figure 32: Macroscopic response for different number of clumps; diagrams for stress ratio 
versus vertical axial strain (a) and void ratio versus vertical axial strain (b) that 

correspond to typical soil sample response. 

 

6000 clumps instead of 2500 clumps have been use in order to check if there is an 

important influence of the number of particles in the response of the sample. The results 

are presented in Figure 32. It is clear that the response is exactly the same but with 

fewer fluctuations when more clumps are used. The increase of the load is exactly the 

same if we ignore the fluctuations for Cl2L500-0.5; the void ratio is slightly different 

initially but the evolution and its final value is very close. The two samples are not 

allowed to reach critical state conditions since the conclusion of identical behavior is 

assured.  The use of more clumps do not change essentially the response, the evolution 

of stresses or voids but reduces the noise and the fluctuations of the stresses. 
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3.4.2.3 Different hydrostatic pressure 

 

   

         (a)               (b) 

Figure 33: Macroscopic response for different mean hydrostatic pressures (p=200kPa, 500kPa); 
diagrams for stress ratio versus vertical axial strain (a) and void ratio versus vertical 

axial strain (b) that correspond to typical soil sample response. 

 

Two different samples that have different initial isotropic compression have been 

used in order to check the influence of mean pressure of the specimen. The results of 

Figure 33 show clearly that the difference in isotropic compression pressure does not 

change at all the response of the virtual experiment. The q/p' evolution with axial strain 

is very similar for all samples but also the void ratio evolution is practically the same. It 

is clear to state that the different isotropic compression initial pressure does not affect 

the response of the virtual specimens. 
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3.4.2.4 Different micromechanical parameters 

  

         (a)               (b) 

Figure 34: Macroscopic response for different micromechanical parameters; diagrams for stress 
ratio versus vertical axial strain (a) and void ratio versus vertical axial strain (b) that 

correspond to typical soil sample response. 

 

The difference considering the micromechanical parameters is focused on different 

kn, while the ratio kn/ks is always equal to 1. Except from the base value kn=5*108N/m, a 

lower value kn=107N/m is used. The two samples are very close, considering their 

mechanical response. This value for kn=107N/m is , as underlined also for disks, a low 

limit value. The results are smoother for the case of the low limit value, exactly due to 

this property.   
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Chapter 4 Fabric measurements 

 

4.1 Types of fabric measurements 

 

As already stated in Chapter 3, the fabric evolution of the biaxial tests is presented in 

this Chapter using two types of fabric: the contact normal and a void based fabric 

method. The contact normal fabric is the most common type of fabric and the one 

mostly used in constitutive modeling. Nevertheless the contact normal fabric is rather 

difficult to measure in physical experiments; the greater difficulty concerns the 

recognition of the tangential plane of the contact. Today, it is possible to define 

experimentally, with some degree of uncertainty, the contact point between two grains 

using X-ray techniques. Nevertheless, it is still difficult to define the tangential plane of 

the contact between two particles as it is not yet explicit the way to define it or/and the 

computational effort of such a measurement is yet extremely high; The efforts made on 

this aspect are already referenced in the Introduction. 

This difficulty is the main reason for comparing the two different types of fabric, i.e. 

contact normal and void based types of fabric as the later are easier to measure in 

small scale physical experiments. In particular, we use the scan line type of void fabric 

to measure it as it is an easy and efficient way to measure void fabric both in 2D and 

3D. It is an easy to implement and to use method in 2D and 3D and can be used both in 

numerical and physical experiments. The method is described analytically in 2.4.5; it is 

a new method based on core modifications of the existing approaches appearing in 

existing literature. 

Using the two different kind of fabric, second order fabric tensors are calculated; 

there is no need to use a tensor order greater than two, since the accuracy used has 

already uncertainties greater than the measured quantities. It should be also noticed 

that the accuracy of the measurements is smaller for physical than numerical 

experiments and subsequently the use of tensors with greater order seems rather 
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awkward. The tensor can be used as an entity in constitutive modeling; thus it is even 

easier to use the principal values of the tensors and the principal axes angle that can 

fully describe the tensor.  

For our biaxial experiments the principal stresses and strains are always on the 

horizontal and vertical axes (coinciding with the x and y axes). Then the principal axes’ 

angle is always 0 or 90 degrees because of the type of the loading. Furthermore, in 

order to describe the tensor, the two principal values are the key to the description of 

fabric anisotropy. This anisotropy is always best described and measured in the 

principal axes, e.g. the horizontal and vertical axes. Consequently the difference 

between the two principal values is a well founded measure of the fabric anisotropy that 

can be calculated in the sample for each fabric tensor. With only that scalar value 

parameter, the anisotropy of the biaxial experiment (the experiment of this thesis) is fully 

defined. The symbols αc and αvs are used to refer to the difference between the highest 

principal value and the lowest principal value (i.e. fabric anisotropy) for the contact 

normal fabric and the scan line fabric respectively.  

The fabric measurements are taken every 1% of axial strain; the axial strain is based 

on the vertical axis and is defined as the ratio of the alteration of the height of the 

sample over the initial height, i.e. engineering normal strain. At the initial conditions, 

after the isotropic compression, the fabric was imposed to be isotropic due to the 

creation of the sample; the small values of αc and αvs at the first loading steps (almost 

zero) verify this choice. 

Finally, the results referring to the correlation between the two fabric types are 

expressed in terms of the correlation between αc and αvs. As explained above, these are 

the important parameters that describe fully the fabric anisotropy in each case. In 

addition, a correlation and a closed form equation between those scalar parameters is 

easier, more straightforward and can describe better the correlation than using two full 

second order fabric tensors. By using these scalar values the anisotropy is fully 

described and the fabric elements of the two cases can be easily correlated.  

The results are presented both for disks and clumps as the shape of the particles is 

important for the fabric results and the correlation between the two fabric types. For 

each situation (disk or clumps) a parametric analysis of the correlation for αc and αvs 
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based on the parametric analysis of the biaxial experiments, presented in Chapter 3 is 

realized.  

 

4.1.1 Contact normal fabric 

 

The definition of contact normal fabric is straightforward and presented in 2.3.2. The 

unit vectors defined on the normal contact plane are the characteristic vectors of the 

material's fabric and the fabric tensor is derived based on (2.9). The non diagonal terms 

are zero, or very close to zero; this is consistent with the assumption that for the biaxial 

test the principal axes coincide with the horizontal and the vertical axes. The fabric 

principal values are on the same axes with principal values of stresses and strains since 

these are the loading axes and it is already known that these are the principal loading 

axes. Only two non diagonal values are non zero and from these principal values αc, i.e. 

the difference between the highest and the lowest principal values is calculated. 

 

4.1.2 Void scan line fabric 

The void scan line fabric is defined and calculated as described in 2.4.5. The scan 

line method is applied to each sample for every 1% of strain increment. The non 

diagonal terms are again always zero or very close to zero, that means the calculated 

values based on the x and y axes are the principal values and αvs is calculated as the 

difference between the highest and the lowest of them. 

 

4.2 Results for Disks 

 

4.2.1 Base experiment D2L500_0.5 
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Figure 35: Correlation between αc and αvs for the base experiment D2L500_0.5. The solid line 
corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. 

 

For the base experiment D2L500_0.5, that means mean pressure 2*100kPa, 

micromechanical parameters kn=500*106N/m, t=1m, friction f=0.5 and uniform 

distribution, the results for αc and αvs are presented in Figure 35. The points of the 

diagram correspond to axial strain from 1% to 18% and for smaller strain the values of 

αc and αvs are smaller while for largest strain level the sample is in critical state.  

While ascending, considering the values of αc and αvs, the first 10 points are not in 

critical state but in vertical loading conditions and produce a clear image where there is 

an increase of contact normal fabric anisotropy and of void scan line anisotropy. For the 

rest of the points there is not a significant change of αc and αvs. These points, as it is 

shown from the diagram in the p-q plane and in the void ratio plane (Figure 23 (a) and 

(b)), are in critical state conditions; for critical state conditions fabric takes a constant 
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value and this is why there is no more evolution in the diagram αc-αvs. Small fluctuations 

considering the constant values of αc and αvs individually create those differences in the 

correlation between them that are shown to be great but in reality represent almost 

constant values for αc and αvs (Figure 36). 

 

 

Figure 36: Evolution of fabric differences αc and αvs with respect to the vertical axial strain. 

 

It is interesting to notice that the scan line method produces a value that is near 10 

times lower than the one for the contact normal. That means that the anisotropy as 

measured for the two methods produce a value that is a 10 times different between 

them. Under that perspective the anisotropy of the void scan line seems to be rather 

small, but it has a trend that is clear and αvs is clearly increasing with increase of the 

load and of the αc and is correlated with the contact normal fabric increase. 

It is obvious that a correlation exist between those two parameters; for 18 number of 

points there is a correlation coefficient r2=0.986. The linear regression that is biased to 

pass through origin (0,0) is calculated to be αvs=0. 231αc. 
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4.2.2 Different hydrostatic pressure 

 

 

Figure 37: Correlation between αc and αvs for the two different hydrostatic pressures. The solid 
line corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. 

 

In order to see the influence of the mean pressure p that governs the experiment, 

another biaxial experiment with p=5*100kPa instead of 2*100kPa is used. In Figure 37 

the results for the correlation between αc and αvs are presented. There is the same trend 

as in Figure 35; at first there is an increase in the values of αc and αvs and then both 

reach critical state and remain almost constant. The final, critical state values seem to 

be the same for the two experiments. 

v
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If we include all the points for the two different cases of different hydrostatic pressure 

there is a correlation coefficient r2=0.987; the linear regression curve is calculated as 

αvs=0.230αc. The different hydrostatic pressure does not seem to produce a great 

difference of the correlation between αc and αvs. Nevertheless, the 500 KPa test 

increases output scattering. 

 

4.2.3 Different distributions 

 

 

Figure 38: Correlation between αc and αvs for uniform and gauss distributions. The solid line 
corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. 

 

The influence of the grain distribution on the fabric is presented in Figure 38. Two 

different kinds of distribution, a uniform and a gauss one are used. For these two 

v
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different particle distributions the results are almost identical; that means the distribution 

does not have any effect on the fabric measurements. Furthermore, the last fabric 

values for αc and αvs are the same for the two distributions. 

For all the points of the two different distributions there is a correlation coefficient 

r2=0.992; the linear regression curve is calculated as αvs=0.237αc. Those regression 

characteristics are very close to those of the base experiment D2L500_0.5. 

 

4.2.4 Different micromechanical parameters 

 

 

Figure 39: Correlation between αc and αvs for different micromechanical parameters. The solid 
line corresponds to a linear regression through origin. 

v
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Figure 40: Correlation between αc and αvs for different micromechanical parameters. The solid 
line corresponds to a linear regression through origin. 

 

The micromechanical parameters, i.e. kn, ks and thickness t of particles, are very 

important parameters of the experiment. In our experiments the ratio kn/ks remains 

constant and equal to 1. Different values of kn and different values of thickness t are 

applied to analyze the effects that these parameters have on the correlation of αc and 

αvs. The results are presented in Figure 39 and Figure 40. 

Figure 39 presents that the change of the micromechanical parameters strongly 

affects the relation between αc and αvs, but it does not change the linear correlation 

between them. For all those different materials, a different but clear linear correlation 

stands between αc and αvs.     
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4.2.5 Different interparticle friction 

 

 

Figure 41: Correlation between αc and αvs for different interparticle frictions. The solid line 
corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. 

 

The influence of the interparticle friction between the sample's grains concerning the 

fabric is presented in Figure 41. Three different friction values 0.3, 0.4 and 0.5 are 

applied. For these three different values the results are almost identical, that means the 

friction does not seem to have any effect on the fabric measurements for these 

experiments. Furthermore, the last fabric values for αc and αvs are the same for those 

cases. 

For all the points of the two different distributions there is a correlation coefficient 

r2=0.989; the linear regression curve is calculated as αvs=0.235αc. Those regression 

characteristics are very close to those of the base experiment D2L500_0.5. 

v
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4.2.6 Summary 

 

 Slope between αvs and αc Correlation Coefficient r2 

Base experiment 0.230 0.986 

Different hydrostatic 

pressure 
0.231 0.987 

Different distributions 0.237 0.992 

Different micromechanical 

parameters 
Function of kn 0.986-0.993 

Different interparticle 

friction 
0.235 0.989 

Table 6: Summary of slope between αvs and αc and correlation coefficient r2 for experiments with 
disks 

 

In Table 6 are summarized the basic statistical characteristics considering the linear 

regression between αvs and αc. It is clear that there does exist a linear correlation for the 

two parameters; for all cases there is a correlation coefficient above 0.950. The 

calculated slope for all cases is near 0.230. Only for different micromechanical 

parameters the slope is dependent on those parameters; this as explained is expected 

as they are totally different materials. 

 

4.3 Results for Clumps 

 

4.3.1 Base experiment Cl2L500_0.5 
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Figure 42: Correlation between αc and αvs for the base experiment Cl2L500_0.5. The solid line 
corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. 

 

For the base experiment Cl2L500_0.5, that means mean pressure 2*100kPa, 

micromechanical parameters kn=500*106N/m, t=1m, friction 0.5 and uniform distribution, 

the results for αc and αvs are presented in Figure 42. The points of the diagram 

correspond to axial strain from 1% to 18% and for smaller strain the values of αc and αvs 

are smaller while for largest strain level the sample is in critical state.  

The same observations as for the base experiment with disks exist for this diagram 

and for this case. For the first points that are not in critical state both values of fabric 

measurements are increasing and when reaching critical state conditions αc and αvs 

reach some almost constant values. Fluctuations of the final values, that are important 

in this case, create the greater differentiations presented in Figure 42. 
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Figure 43: Correlation between αc and αvs for the base experiment Cl2L500_0.5. The solid line 
corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. This diagram has points that are not in critical state. 

 

These fluctuations exist actually only on the critical state as from Figure 43 where 

only points before critical state are used  it is obvious that for those points there is no 

such great scatter as for the extra critical state points included in Figure 42. This scatter 

is mostly produced due to the scan line method (Figure 44). 
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Figure 44: Evolution of fabric differences αc and αvs with respect to the vertical axial strain. 

 

It is suggested that again the scan line method produce a value that is near 10 times 

lower than the one for the contact normal. That means that the anisotropy as measured 

for the two methods produce a value that is 10 times different between them. Under that 

perspective the anisotropy of the void scan line seems to be rather small, but it has a 

trend that is clear and αvs is clearly increasing with increase of the load and of the αc 

and is correlated with the contact normal fabric increase. 

It is obvious that a correlation exist between those two parameters; for 18 number of 

points there is a correlation coefficient r2=0.971. The linear regression that is biased to 

pass through origin (0,0) is calculated to be αvs=0. 0623αc. The same parameters as for 

disks are analyzed below for clumps to check the influence they have considering the 

fabric parameters αc and αvs for samples with clumps. 
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4.3.2 Different hydrostatic pressure 

 

 

Figure 45: Correlation between αc and αvs for different hydrostatic pressures (p=0.2Mpa, 
0.5MPa). The solid line corresponds to a linear regression through origin and the two 
grey lines represent 95% confidence level. 

 

In order to check the influence of hydrostatic mean pressure of the experiments 

different pressures are applied. In Figure 45 are presented the results for two different 

hydrostatic pressures 2*100kPa and 5*100kPa. The results show the same trend as 

above. A scatter exists again but only for the higher values of αc and αvs; this is 

attributed to the fact that at higher strain levels where these values are calculated αc 

and αvs have reached their almost stable values. As these values are not totally constant 

but have some fluctuations due to the uncertainties of calculations the correlation 

between them is getting worse but this is attributed to uncertainties. 
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Even with this large scatter the correlation coefficient is r2=0.939 and the linear 

regression's slope is 0.0683. That is very close to the slope for base experiment with 

clump (0.0623) and the general response seems to be the same. 

 

 

4.3.3 Different micromechanical parameters 

 

 

Figure 46: Correlation between αc and αvs for different micromechanical parameters. The solid 
line corresponds to a linear regression through origin and the two grey lines represent 
95% confidence level. 

 

The influence of different micromechanical parameters is presented in Figure 46. A 

different kn is selected to test the micromechanical parameters as kn/ks=1 for all 

samples. kn=5*108N/m for the base experiment and a much lower value of kn=107N/m is 

chosen to see the influence of kn. The same observations as for disks stand; the slope 

of the linear correlation is dependent on the materials micromechanical parameter. 
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From Figure 46 it is concluded that the linear correlation between αc and αvs exists 

with a correlation coefficient r2=0.969. The slope of linear through origin regression is 

equal to 0.093. 

 

 

4.3.4 Different shape 

 

 

Figure 47: Correlation between αc and αvs for different particle shape. The solid line corresponds 
to a linear regression through origin and the two grey lines represent 95% confidence 
level. 

 

Different shape of particles is very important to the response of granular materials in 

general. The different shapes are created with clump logic as it is explained in Appendix 

A - Particle shape; that means the final shape is base on the join of disks in line. The 

v
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critical characteristic is the ratio height to width of the shape (L/B). For disks L/B=1 and 

for the clumps used throughout this thesis L/B=1.5.  

From Figure 47 it is obvious that particles' shape is crucial for the relation between αc 

and αvs, but once more it does not change the linear correlation for each case. For 

L/B=1 the slope is equal to 0.089 and for L/B=1.5 the slope is equal to 0.185; it is 

deduced that as the ratio L/B increases the slope increases too.  

 

4.3.5 Summary 

 

 Slope between αvs and αc Correlation Coefficient r2 

Base experiment 0.0623 0.971 

Different hydrostatic pressure 0.0683 0.939 

Different micromechanical 

parameters 
Function of kn 0.986-0.993 

Different shape Function of shape 0.971-0.986 

Table 7: Summary of slope between αvs and αc and correlation coefficient r2 for experiments with 
clumps 

 

In Table 7 are summarized the basic statistical characteristics considering the linear 

regression between αvs and αc. It is clear that there exist a linear correlation for the two 

parameters; for all cases there is a good correlation coefficient. The slope varies from 

0.0623 to 0.0683. The parameters that affect very much the slope of the linear 

regression is, beside the micromechanical parameters, the shape of the particles. 
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Chapter 5 Discussion - Conclusions 

5.1 Discussion 

There are two particular variables that strongly characterize the scan line method 

introduced in this thesis. The first one is the distance between the lines scanning each 

sample. A number of calculations and calibrations have been performed in the samples 

used for the analysis, which show that the minimum value this distance can take is 1/10 

of the minimum size of the specimen, i.e. 1/10 of the width of the rectangular sample. 

This conclusion is based on the observation that, including distances between the scan 

lines that are smaller than this minimum, although it exponentially increases the 

computational time required for the void scan line fabric tensor analysis, it has no 

significant impact on its results. On the other hand, values that are larger than this 

minimum distance significantly impact the results of the analysis. Hence, this limit is 

used throughout the analysis that has been conducted for the void scan line 

measurement. It is worth noting here, that it is important to recalculate this limit distance 

whenever conducting different experiments in the future, since it is possible that setting 

different experimental parameters than the ones used here (e.g. using a different 

loading procedure or a sample with a different shape) could affect that limit value.  

The second important parameter, which is not as straightforward, is the minimum 

length of the void vectors, above which they become significant. A large amount of void 

vectors (or void segments) calculated with the scan line, have a very small length (10-6-

10-9). When included in the analysis, these small void vectors contribute just the same 

as the longer void vectors with regards to the total number of the voids used in the 

analysis, while, at the same time, they contribute almost nothing to the total length of 

the void vectors. As a result, and due to the way the void fabric tensor is defined, these 

very small void vectors, if included in the analysis, would have an asymmetrical 

contribution to the average void length. In addition, we assume that they do not actually 

affect the mechanical behavior of the granular material. Therefore, we do not take into 

consideration these very small void vectors; for the purposes of this analysis, we define 
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a cut off limit, below which segments are not considered, that is equal to the minimum 

thickness of the grain (disk or clump). If we do not set such a limit, then the void fabric 

cannot be measured adequately, since, for the reasons that we described above, the 

numerous small void segments create "noise", which renders the analysis ineffective in 

capturing the actual and important void anisotropy. 

Choosing to use a minimum value in the scan line method is also possible, and 

very useful, when measuring scan line in small-scale physical experiments using 

graphical interpretation, e.g. void lengths in a specimen can be traced only above a 

reference value, which is the dimension of a pixel. As already implied from the above 

discussion, the minimum dimension of the pixel can be equal to the minimum dimension 

of the grains, which will reduce computational efforts. Doing so, has the added 

advantage of allowing us to disregard uncertainties concerning the void or solid nature 

of a pixel in fabric calculations. The same reasoning applies to X-Ray tomography.  

In the existing literature, the only results presenting evolution of a void scan line 

fabric tensor are those of Ghedia & O'Sullivan (2012). It is worth noting, that the authors 

of this paper, also use an indirect method to create a cut off limit in the process of 

measuring a significant void anisotropy. Applying their measuring process to an image 

included in Oda et al (1985), resulted in higher absolute values of void scan line fabric 

tensor anisotropy as compared to our calculations, and this could be due to the 

significant voids that are present in the figure of Oda et al (1985). Ghedia & O’Sullivan 

(2012) also conducted simulations involving two complementary shear bands and a 

different fabric tensor (as presented in 2.4.4). Notice, that their anisotropy is quantified 

through the ratio FI/FII. Again, their calculations resulted in a larger value of anisotropy. 

This means, either that a stronger anisotropy actually exists, or, that their application of 

the scan line method is different. Another potential reason for this difference is that the 

experiments presented in this thesis differ from the experiments by Ghedia & O’Sullivan 

(2012), it is hence not surprising that the results are different. It is also possible, that the 

increased anisotropy found in their work can be related to the shear bands where 

increased void appears due to dilatancy. Finally, there seem to be differences between 

the two scan line methods. Further research is needed in order to compare the method 
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used in this thesis (analytical-applied to DEM) with an image-based void scan line 

analysis.   

 

5.2 Conclusions 

This thesis presents a new scan line method that measures the void fabric of 

granular material. The results show clearly that this measure can adequately capture 

the void fabric, and especially the void anisotropy that characterizes a 2D sample. In 

addition, using this new method, we were able to deduce a straightforward linear 

correlation between void and contact normal fabric. This result was observed in all 

cases examined in this thesis. 

It is worth noting that particle orientation fabric has also been tested in the same way, 

but it does not seem to be strongly correlated with the fabric elements and tensors 

presented above.  

A total of 8 DEM virtual biaxial experiments with circular particles and 4 DEM virtual 

biaxial experiments with elongated particles have been conducted. These different 

samples account for a parametric analysis considering variations over the main 

numerical and physical parameters, i.e. the shape of the grains, the distribution of the 

grains, inter-particle friction, and particle stiffness (different stiffness and strength of the 

materials). For all these types of granular materials, a clear linear correlation between 

void scan line and contact normal fabric has been observed. 

This linear correlation is shown to be independent of the mean pressure, of the inter-

particle friction, and of the distribution of the material. The values used for the mean 

pressure are typical for a soil sample in geotechnical engineering applications (200kPa 

and 500kPa). This result stands for both circular and elongated particles. The slope of 

this correlation is affected neither by the different inter-particle frictions used in disks, 

nor by the differentiation of the distribution. 

It is clear that the different micromechanical parameters that govern the material 

properties create a variation over the linear correlation. From both the circular and the 

elongated particles we conclude that the correlation between contact normal and void 
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fabric anisotropy gets steeper, while the kn (normal micromechanical stiffness) is 

decreasing. The case where the out of plane thickness differs, opposes this rule, 

suggesting that the out of plane thickness possibly plays an important role. 

The shape of the particles is an important parameter in DEM simulations, and this 

seems to be true in this case as well. As the particles get more elongated, the slope of 

the correlation between contact normal and void fabric gets less steep.  

Notice also that the results from the 6000-clumps sample (more than twice the clumps 

of the other samples) do not seem to differ from those of the other samples. In fact, 

there does not seem to exist any significant difference in the response of the fabric 

tensors for the sample that has many more clumps. Thus, samples with greater number 

of clumps were not considered.  

Considering the Critical State Conditions, we observe that the contact normal, as well 

as, the void scan line fabric tensors tend to remain stable. This is consistent with the 

ACST presented by Li & Dafalias (2012); at the Critical State fabric tensors obtain a 

critical value, which remains constant. This helps to explain why the results from Critical 

State make the total trend better, since they confirm the linear correlation, actually by 

determining the last point of this line. This is true for most of the analyses, but not for all 

of them. More careful analysis can be made with particular focus to these conditions. 

In any case further analysis is needed for the quantitative and qualitative evaluation of 

the trend observed in the relevant graphs for all the parameters included in these kinds 

of tests. Further research could be conducted by using different kinds of materials but 

also different kinds of experiments. In addition, there is a need to bridge the gap 

between the analytical derivation presented herein, and an image analysis, which is 

mostly useful when dealing with real experiments. 

Furthermore, 3D analysis should follow, before using results in macromechanics, i.e. 

constitutive modeling. The same method can easily be applied, with very slight 

modifications and without new assumptions, in three dimensions. This will prove that the 

correlation that we found between void and contact normal fabric can stand, in some 

form, in three dimensions. 

 

 



Bibliography 

85 

 

Bibliography 

 

Azema, E., & Radjai, F. (2011). Force chains and contact network topology in packings 
of elongated particles. Physical Review E, 85(031083). 

Calvetti, F. (2008). Discrete modelling of granular materials and geotechnical problems 
(pp. 951–965). Aussois. 

Calvetti, F., Combe, G., & Lanier, J. (1997). Experimental micromechanical analysis of a 
2D granular material: relation between structure evolution and loading path. 
Mechanics of Cohesive-Frictional Materials, 2(1997), 121–163. 

Coulomb, C. A. (1776). Essai sur une application des règles de maximis & minimis à 
quelques problèmes de statique, relatifs à l’architecture. Mem. Acad. Roy. Div. 
Sav., 7, 343–387. 

Cundall, P. (2001). A discontinuous future for numerical modelling in geomechanics? In 
Proceeding of the ICE-Geotechnical Engineering 149(1) (pp. 41–47). 

Cundall, P. A., & Strack., O. D. (1979). A discrete numerical model for granular 
assemblies. Geotechnique, 29(1), 47–65. 

Dafalias, Y. F., & Li, X. (2012). Anisotropic Critical State Theory: Role of Fabric. Journal 
of Engineering Mechanics, 138(3), 263–275. 

Dafalias, Y. F., & Manzari, M. T. (2004). Simple Plasticity Sand Model Accounting for 
Fabric Change Effects. Journal of Engineering Mechanics, 130(special issue: 
conatitutive modelling of geomaterials), 622–634. 

Dafalias, Y. F., Manzari, M. T., & Papadimitriou, A. G. (2006). SANICLAY: simple 
anisotropic clay plasticity model. International Journal for Numerical and Analytical 
Methods in Geomechanics, 30(12), 1231–1257. 

Dafalias, Y. F., Papadimitriou, A. G., & Li, X. (2004). Sand Plasticity Model Accounting 
for Inherent Fabric Anisotropy. Journal of Engineering Mechanics, 130(11), 1319–
1333. 

Di Renzo, A., & Di Maio, F. P. (2004). Comparison of contact-force models for the 
simulation of collisions in DEM-based granular flow codes. Chemical Engineering 
Science, 59(3), 525–541. http://doi.org/10.1016/j.ces.2003.09.037 



Bibliography 

86 

 

Drucker, D. C., & Prager, W. (1952). Soil mechanics and plastic analysis for limit 
design. Quarterly of Applied Mathematics, 10(2), 157–165. 

Fu, P., & Dafalias, Y. F. (2011). Study of anisotropic shear strength of granular 
materials using DEM simulation. International Journal for Numerical and Analytical 
Methods in Geomechanics, 35, 1098–1126. http://doi.org/10.1002/nag 

Fu, P., & Dafalias, Y. F. (2012). Quantification of large and localized deformation in 
granular materials. International Journal of Solids and Structures, 49(13), 1741–
1752. http://doi.org/10.1016/j.ijsolstr.2012.03.006 

Gao, Z., Zhao, J., Li, X., & Dafalias, Y. F. (2013). A critical state sand plasticity model 
accounting for fabric evolution. Numerical and Analytical MEthods in 
Geomechanics, 38(4), 370–390. 

Ghedia, R., & O’Sullivan, C. (2012a). Quantifying void fabric using a scan-line 
approach. Computers and Geotechnics, 41, 1–12. 
http://doi.org/10.1016/j.compgeo.2011.10.008 

Ghedia, R., & O’Sullivan, C. (2012b). Quantifying void fabric using a scan-line 
approach. Computers and Geotechnics, 41, 1–12. 
http://doi.org/10.1016/j.compgeo.2011.10.008 

Jaquet, C., Andó, E., Viggiani, G., & Talbot, H. (2013). Estimation of Separating Planes 
between Touching 3D Objects Using Power Watershed. In Mathematical 
Morphology and Its Applications to Signal and Image Processing Lecture-Notes in 
Computer Science (pp. 452–463). 

Jean, M. (1999). The non-smooth contact dynamics method. Computer Methods in 
Applied Mechanics and Engineering, 177(3), 235–257. 

Jeremic, B., Runesson, K., & Sture, S. (1999). A model for elastic-plastic pressure 
sensitive materials subjected to large deformations. International Journal of Solids 
and Structures, 36(31), 4901–4918. 

Kavvadas, M. J. (2007). Soil Mechanics - course textbook. 

Konishi, J., & Naruse, F. (1988). A note on fabric in terms of voids. In Micromechanics 
of granular materials (pp. 39–46). 

Kuhn, M. R. (1999). Structured deformation in granular materials. Mechanics of 
Materials, 31(August 1998), 407–429. 

Kuo, C.-Y., Frost, J. D., & J.-L., C. (1998). Image analysis determination of stereology 
based fabric tensors. Geotechnique, (4), 515–525. 



Bibliography 

87 

 

Li, X., & Dafalias, Y. F. (2002). Constitutive Modeling of Inherently Anisotropic Sand 
Behavior. Journal of Geotechnical and Geoenvironmental Engineering, 128(10), 
868–880. 

Li, X., & Li, X. (2009). Micro-Macro Quantification of the Internal Structure. Journal of 
Engineering Mechanics, 135(7), 641–656. 

Li, X., Yu, H., & Li, X. (2011). A virtual experiment technique on the elementary 
behaviour of granular materials with discrete element method. 
http://doi.org/10.1002/nag 

Li, X., Yu, H., & Li, X. (2013). A virtual experiment technique on the elementary 
behaviour of granular materials with discrete element method. International Journal 
for Numerical and Analytical Methods in Geomechanics, (October 2011), 75–96. 
http://doi.org/10.1002/nag 

Moreau, J. J. (1988). Unilateral contact and dry friction in finite freedom dynamics. 
Nonsmooth Mechanics and Applications, Springer V, 1–82. 

Muhunthan, B., & J.-L., C. (1997). Void fabric tensor and ultimate state surface of soils. 
Journal of Geotechnical and Geoenvironmental Engineering, 123-2(February), 
173–181. 

Muhunthan, B., J.-L., C., & Masad, E. (1996). Fabric effects on the yield behavior of 
soils. Soils and Foundations, 36(3), 85–97. 

Muhunthan, B., & Sasiharan, N. (2012). Fabric dilatancy and the plasticity modeling of 
granular media, (May 2011), 1181–1193. http://doi.org/10.1002/nag 

O’Sullivan, C. (2011). Particulate Discrete Element Modelling: A Geomechanics 
Perspective (p. 576). 

Oda, M., & Nakayama, H. (1998). Yield Function for Soil with Anisotropic Fabric. 
Journal of Engineering Mechanics, 115(1), 89–104. 

Oda, M., Nemat-Nasser, S., & Konishi, J. (1985). Stress-induced anisotropy in granular 
masses. Soils and Foundations, 25(3), 85–97. 

Pena, A. ., Lizcano, A., Alonso-Marroquin, F., & Herrmann, H. J. (2006). Fluctuations at 
the critical state of a polygonal packing. International Journal for Numerical and 
Analytical Methods in Geomechanics, (00), 1–12. 

Pena, A. A. (2008). Influence of Particle Shape on the Global Mechanical Response of 
Granular Packings : Micromechanical Investigation of the Critical State in Soil 
Mechanics. Institut fur Geotechnik der Universitat Stuttgart. 



Bibliography 

88 

 

Radjai, F., & Azéma, E. (2009). Shear strength of granular materials. European Journal 
of Environmental and Civil Engineering, 13(2), 203–218. 

Radjai, F., & Dubois, F. (2011). Discrete Numerical Modeling of Granular Materials (p. 
496). 

Radjai, F., & Richefeu, V. (2009). Contact dynamics as a nonsmooth discrete element 
method. Mechanics of Materials, 41(April), 1–33. 

Renouf, M., Dubois, F., & Alart, P. (2004). A parallel version of the non smooth contact 
dynamics algorithm applied to the simulation of granular media. Journal of 
Computational and Applied Mathematics, 168(1-2), 375–382. 
http://doi.org/10.1016/j.cam.2003.05.019 

Roscoe, K. H., & Burland, J. B. (1968). On the generalized stress-strain behaviour of 
wet clay. In Eng. plasticity, Cambridge Univ. Press (pp. 535–609). 

Roscoe, K. H., Schofield, A. N., & Wroth, C. P. (1958). On the Yielding of Soils. 
Geotechnique, 8, 22–53. 

Satake, M. (1992). A discrete-mechanical approach to granular materials, 30(10), 1525–
1533. 

Schofield, A. N., & Wroth, C. P. (1968). Critical State Soil Mechanics (p. 310). 

Seed, R. B., Cetin, K. O., Moss, R. E. S., Kammerer, A. M., Wu, J., Pestana, J. M., � 
Faris, A. (2003). Recent Advances in soil liquefaction engineering: A unified and 
consistent framework (p. 72). 

Soga, K., & Yimsiri, S. (2010). DEM analysis of soil fabric effects on behaviour of sand. 
Géotechnique, 60(6), 483–495. http://doi.org/10.1680/geot.2010.60.6.483 

Szarf, K., Combe, G., & Villard, P. (2011). Polygons vs. clumps of disks: a numerical 
study of the influence of grain shape on the mechanical behaviour of granular 
materials. Powder Technology, (Special Issue: Papers presented to the 
Symposium STPMF 2009,Science and Technology of Powders and Sintered 
Materials), 279–288. 

Tai, Q., & Sadd, M. H. (1997). A discrete element study of the relationship of fabric to 
wave propagational behaviours in granular materials. International Journal for 
Numerical and Analytical Methods in Geomechanics, 21(1997), 295–311. 

Taiebat, M., & Dafalias, Y. F. (2008). SANISAND: Simple anisotropic sand plasticity 
model. International Journal for Numerical and Analytical Methods in 
Geomechanics, 32(8), 915–948. 



Bibliography 

89 

 

Thorton, C. (2000). Numerical simulations of deviatoric shear deformation of granular 
media. Geotehcnique, 50(1), 43–53. 

Tong, Z.-X., Zhang, L.-W., & Zhou, M. (2013). DEM Simulation of Biaxial Compression 
Experiments of Inherently Anisotropic Granular Materials and the Boundary Effects. 
Journal of Applied Mathematics, 2013, 1–13. http://doi.org/10.1155/2013/394372 

Tsuchikura, T., & Satake, M. (2001). A consideration on the statistical analysis of 
particle packing using loop tensors. In Powder and Grains (pp. 29–32). 

Vermeer, P. A. (1978). A double hardening model for sand. Geotechnique, 28(4), 413–
433. 

Viggiani, G., Hall, S. a., Desrues, J., & Andò, E. (2013). Experimental micro-mechanics 
of granular media studied by x-ray tomography: recent results and challenges. 
Geotechnique Letters 3, 3(July - September), 142–146. 
http://doi.org/10.1680/geolett.13.00036 

Wan, R. G., & Guo, P. J. (2004). Stress Dilatancy and Fabric Dependencies on Sand 
Behavior, (June). 

Wang, J., & Gutierrez, M. (2010). Discrete element simulations of direct shear specimen 
scale effects. Geotechnique. Retrieved from 
http://www.icevirtuallibrary.com/content/article/10.1680/geot.2010.60.5.395 

Yoshimine, M., Ishihara, K., & Vargas, W. (1998). Effects of principal stress direction 
and intermediate principal stress on undrained shear behavior of sand. Soils and 
Foundations, 38(3), 179–188. Retrieved from 
http://cat.inist.fr/?aModele=afficheN&cpsidt=1626354 

Zhu, H. P., & Yu, a. B. (2006). A theoretical analysis of the force models in discrete 
element method. Powder Technology, 161(2), 122–129. 
http://doi.org/10.1016/j.powtec.2005.09.006 

 

 





Appendix A: Discrete Element Method 

91 

 

Appendix A: Discrete Element Method 

 

Discrete Element Method general 

 

The discrete element method (DEM) is a numerical method used in order to simulate 

discontinuous media that consist of several particles. The base elements of DEM are 

discrete particles of convex or rarely non-convex shapes that interact with each other in 

several ways; those interactions are described by force and displacement laws.  

DEM has been applied in many different fields with success. Fields of DEM 

application are masonry, biomechanics, granular physics, rock mechanics and granular 

materials. Many researchers have used and supported the use of DEM in the field of 

granular materials (P. Cundall, 2001; Fu & Dafalias, 2011; Radjai & Azéma, 2009; Soga 

& Yimsiri, 2010; Thorton, 2000) and produced a new insight to their behavior and their 

properties. 

In the last three decades this method has been used repeatedly in order improve 

scientists’ understanding on the behavior of discrete media. The foundations of this 

method particularly for granular materials, were placed by Cundall & Strack (1979); 

since then many researchers have applied DEM and expand its use and applicability. 

The authors described a method that was initially called distinct element method to 

differentiate from finite element method that applies to continuum media. Latter "distinct" 

was informally replaced by "discrete" in order to underline the discrete nature of the 

simulation. In the same period a very similar method called molecular dynamics was 

developed for atomic-molecular systems. For this reason many authors misuse the 

terms molecular dynamics and discrete element method to describe the same method. 

Nowadays, two major types of methods exist inside the framework of DEM, Molecular 

Dynamics (MD-DEM) and Contact Dynamics (CD-DEM). The former method was 

actually developed by Cundall & Strack (1979) while the latter has been founded in 

Moreau (1988) and Jean (1999). The two methods are both DEM, but have several 
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physical, numerical and technical differences in the way the problem of discrete 

elements models are simulated and solved.  

The method used in this thesis is the MD-DEM method as it is implemented in the 

software Particle Flow Code in two dimensions (PFC 2D®, Version 4.0) so this method 

will be briefly analyzed in the next sections. Most parts are derived from PFC 2D® 

manual (User's Manual of PFC 2D® Version 4.0. Itasca Consultants Group Inc (1999, 

Minneapolis)) while other bibliography proposed is O’Sullivan (2011) and Radjai & 

Dubois (2011). For the method of CD-DEM, extended literature exists (Radjai & Dubois, 

2011; Radjai & Richefeu, 2009; Renouf, Dubois, & Alart, 2004) but will not be analyzed 

here. As a result, the analysis below refers to MD-DEM with particular reference to the 

method as it is implemented in PFC 2D. 

 

MD-DEM 

For the purpose of this thesis the commercial software PFC 2D has been used. This 

software implements the distinct element method; that is the name given to this method 

by Cundall & Strack (1979), but it actually has the same principles and formulations as 

MD. 

MD actually applies Newton's second law to each particle i: 

2

i

i i 2

d

dt
=

x
F m           (3.1) 

i refers to the ith particle (or grain for soils), mi is the mass properties of the particle, Fi 

is the forces applied on the particle, xi denotes the position of the particle and d/dt is the 

time derivative. It is important that the basic principle behind the method is very simple. 

The rest of the analysis of the method concern the calculation of the masses and 

particularly forces, the calculations for the position and its derivatives (velocity and 

acceleration) and the schemes used for the solution of the equations.  

Furthermore, a number of principles - assumptions are applied for some of these 

matters: 

• The discrete bodies are rigid bodies that cannot deform in any way. 
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• Contacts exist over a very small ("vanishingly small") area. Contacts are not 

single points but are not allowed a significant, in relation to the area of the 

bodies, area. 

• The contacts between the rigid bodies can be deformed; these are characterized 

as soft contacts. That means the two bodies are allowed an overlapping at the 

area of the contacts. 

• The force the two rigid bodies develop is proportional to the characteristic length 

of the area of the contact. 

Over these basic assumptions, the MD-DEM method is developed. 

 

Particle Shape 

 

The shape of the discrete particles is of great importance in DEM. Usually, because 

of the mathematical and computational cost, shapes of simple geometry are used such 

as circles, ellipses and polygons. With these shapes it is easier to describe the problem 

mathematically and the cost (time) of the computational analysis can be tolerated. Other 

shapes can be implemented into MD-DEM method but so far the main shapes used are 

as described above. Nevertheless, with these shapes the main purposes of the 

research for granular materials are so far covered. 

The PFC 2D uses as its basic element circular particles (disks) in 2 dimensions. In 

addition, in order to create different shapes (e.g. more elongated shapes) it is possible 

to join two or more disks and create a "clump". A clump is created by two or more 

circular particles joined into one rigid body (Figure 48). With this clump logic different 

shapes can be created if needed, only by using disks; in that way the computational 

cost can still be tolerated when using almost arbitrary shapes. 
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Figure 48: Three disks are joined to create a clump of type "peanut". 

 

Boundaries 

 

In DEM simulations two type of boundaries are used: rigid boundaries and flexible 

boundaries. Rigid boundaries (referred as walls) are mass-less, non deformable, move 

and react as totally rigid bodies Figure 49. They are used in biaxial experiments and can 

simulate constant strain or constant stress directly or through a servomechanism. 

Typical biaxial experiments can take place with rigid boundaries (Li, Yu & Li, 2013).  

 r
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Figure 49: Four rigid walls define the samples geometry 

 

Deformable boundaries can be simulated through two ways. One way is first to define 

the boundary particles, i.e. particles that are on the limits of the sample. Then the 

boundary particles move as boundaries; that means they simulate boundaries that 

move according to certain deformation law (Manual of PFC 2D Version 4.0, User's 

Guide: Section 3. Itasca Consultants Group Inc (1999, Minneapolis)). In addition, by 

measuring the forces on each particle, stress definitions on boundaries can be applied. 

Another way to define deformable boundaries is to define the applied forces on the 

boundary particles (Fu & Dafalias, 2011). Through this technique, certain forces are 

applied to the boundary particles in order to achieve a specific force or a specific 

deformation (Figure 50).  
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Figure 50: The lateral boundaries are deformable boundaries while top and bottom are rigid (Fu 
& Dafalias, 2012) 

 

In the framework of this thesis, rigid boundaries are only used, as they are the most 

intuitive boundaries and the results are more straightforward.  

 

The "world" of PFC 2D 

 

It is of great importance to underline that the "world" of PFC 2D is by definition a two 

dimensional world, that means the one out-of-plane force component and the two in-

plane moment components are not considered in any way at the solution of the 

problem. The interpretation of this can be done in some ways; the equivalent real model 

of this, is schneebeli rods used sometimes in physical experiments (F Calvetti et al., 

1997). 

 

Calculation Cycle 
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For each timestep, the calculation cycle described in Figure 51 takes place. At the 

beginning of each step the geometry of the sample, positions of particles, positions of 

boundaries and set of contacts, are known. With this known geometry, the force-

displacement law is applied to each contact according to the relative position of the two 

entities of the contact and the contact constitutive law. 

As a result, the contact forces are calculated and updated. After that, the law of 

motion (3.1) is applied to each particle and to the boundaries according to the force and 

the moment calculated. The geometry is updated and so the timestep reaches its end. 

This is the basis of the calculation scheme used in PFC 2D, but also in most MD-DEM 

codes. 

 

 

Figure 51: Calculation scheme of PFC 2D. Also the typical calculation scheme for most MD-
DEM. 

 

Applied forces 

 

Several types of forces can be applied in the MD method. The most important for 

granular materials are the contact forces that can consist of a normal and a tangential 

force. Those forces are the only forces applied for the analysis that have been done. 

Other kind of forces that can be used are field forces such as gravity; gravity is usually 
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ignored for the soil samples so that the stress field becomes more homogenous. Bond 

forces can also be used sometimes in order to model some kind of bonding between 

two particles. 

 

Normal contact force 

 

The force between two particles in contact is calculated based on the overlapping 

area they develop, due to the soft contact approach used in MD-DEM (i.e. 0). The base 

of the force-displacement law is described here for two disks, but the same law can be 

easily expanded to clumps. 

The geometry of the disks is described in Figure 52. The two disks A, B are in  

contact and have properties: radius R[A], R[B] and centers xi
[A] and xi

[B] , where i=1,2 for 

2D. The distance between the centers of the disks is 

[A][B] [B] [A] [B] [A] [B] [A]

i i i i i i
( )( )= − = − −d x x x x x x  and the unit vector that connects the 

centers of the two disks is 
[B] [A]

[A][B] i i
i [A][B]

−

=

x x
n

d
. Then the length that belongs to the line 

that passes through the two centers of the disks and characterizes the overlapping area 

of them is n [A] [B] [A][B]
U R R d= + − and the center point of the contact is 

[C] [A] [A] n [A][B]

i i i

1

2

 
= + − 

 
R Ux x n .  

 



Appendix A: Discrete Element Method 

99 

 

 

Figure 52: Two disks in contact. An overlap area is created due to soft contact assumption. 

 

Almost the same equations apply for the contact between a particle and a wall where 

the length of the overlapping area is n [b] [b]
= −U R d , where R[b] is the radius of the disk 

and the center point of the contact is 
[C] [b] [b] n [b]

i i i

1

2

 
= + − 

 
R Ux x n  where xi

[b] is the 

center of the particle and [b]

i
n  the unit vector that connects the centers of disk [b] with 

the wall (i=1,2 in 2D)  (Figure 53). 
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Figure 53: Disk-wall contact. An overlap area is created due to soft contact assumption. 

 

Considering this geometry of the soft contact, the normal force can be defined in 

several ways. For a linear contact model this force is calculated as n n

i n i
[ ]= k UF n  (with 

magnitude n n

n
=F k U ) where superscript n stands for normal, Un is the characteristic 

length as defined above, kn is the normal stiffness of the particle and [ni] equals [A][B]

i
n  

for two disks in contact or [b]

i
n for disk-wall contact. 

 

Tangential contact force 

 

To treat this force in a similar way as normal force, it is considered in respect with the 

relative motion of the particles. In addition, for the tangential force a friction law is used, 

in order to model the "micro-friction" that exists between two particles (interparticle 

friction). 

For those reasons, the tangential force is calculated in an incremental way. The 

relative shear motion at the contact is calculated as: 

( )
1 2 2 1 2 2 1 1[ ][ ] [ ] [ ] [ ] [C] [ ] [ ] [C] [ ]

s i i i 3 k k 3 k k

Φ Φ Φ Φ Φ Φ Φ Φ
= − − − − −V ω x x ω x xx x tɺ ɺ

   
 (3.2) 
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where 
j[ ]

i

Φ
xɺ  and 

j[ ]

3

Φ
ω  are the translational and rotational velocity, respectively, of 

entity Φj given by: 

{ }
{ }
{ }

1 2
, ,(ball ball)

,
b,w ,(ball wall)

 Α Β − 
Φ Φ =  

−          

 (3.3) 

and { }i 2 1
[n ],[n ]= −t . 

Based on this relative velocity of the two in contact entities for each timestep ∆t an 

increment in the tangential direction can be defined as: 

1 2s [ ][ ]

s

Φ Φ
∆ = ⋅U V ∆t           (3.4) 

and the increment of the tangential force is: 

s s

s
∆ = − ⋅ ∆F k U           (3.5) 

where ks is the tangential stiffness. The total hypothetical shear force in that way is 

the sum of all the increments from the creation of a contact: 

s s s

m m 1−
= + ∆F F F           (3.6) 

where m are the increments from the creation of the contact and ∆Fs is the increment 

of force from the last timestep. 

In order to apply a friction between each two entities the above calculated shear 

force is compared with the maximum friction force: 

s s s n

real m m
,= ≤ ⋅F F F µ F          

 (3.7) 

where µ  is the friction coefficient. 

In case the shear force gets larger than the friction force then the contact is lost. 

 

Contact Model 

 

The most simple model is the linear contact model that is also used in this thesis. It is 

generally accepted that this model despite its simplicity is capable to provide results that 

are close to reality and can capture several phenomena (Fu & Dafalias, 2011; Xia Li et 
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al., 2011; Pena et al., 2006). For the linear contact model the contact is actually 

simulated by a normal and a tangential spring. 

On this linear contact model the contact normal stiffness is based on the stiffness of 

the two disks in contact in a linear way, that means: 

[A] [B]

n n
n [A] [B]

n n

⋅
=

+

k k
k
k k

         (3.8) 

where kn is the contact normal stiffness, [A]

n
k is the stiffness of disk [A] and [B]

n
k  is the 

stiffness of disk [B]. For the contact between particle and wall same equation applies. 

In addition, for the tangential contact force: 

[A] [B]

s s
s [A] [B]

s s

⋅
=

+

k k
k

k k
 

where ks is the contact tangential stiffness, [A]

s
k is the stiffness of disk [A] and [B ]

s
k  is 

the stiffness of disk [B]. For the contact between particle and wall same equation again 

applies. 

Non linear interaction laws could also been used but it was not considered to be 

useful for the purposes of this thesis. It is essential to keep in mind that that the 

usefulness or not of a model depends on the problem being discussed and the 

purposes of each analysis. 

 

Law of motion 

 

As stated in 0, the second Newton's law is used to describe the law of motion: 

2

i

i i 2

d

dt
=

x
F m

          

 (3.9) 

i refers to the ith particle (or grain for soils), mi is the mass properties of the particle, Fi 

is the forces applied on the particle, xi denotes the position of the particle and d/dt is the 

time derivative.  
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For two dimensional case and if the translational and the rotational motion are to be 

described then, for the in plane axes x1-x1 and for the out of plane axis x3 : 

1 1 1 1
( )= −F m x gɺɺ           (3.10) 

2 2 2 2
( )= −F m x gɺɺ           (3.11) 

3 3 3
=M I ω            (3.12) 

F1, F2 are the forces, m1,m2 are the masses, g1, g2 are the gravity accelerations and 

x1, x2 the positions on the axes x1 and x2 respectively. M3 is the out of plane moment, I3 

the inertia and ω3 the angular velocity around axis x3. Dots symbols the differentiation 

with time of the variable, e.g. 
1
xɺɺ is the second derivative with time of position, i.e. the 

acceleration. 

Using these three equations the problem of the motion of each particle is solved. In 

order to solve these differential equations, in PFC 2D a centered finite-difference 

procedure (leapfrog integration type method) involving a timestep of ∆t is used. The 

quantities 
1
xɺ ,

2
xɺ ,ω3 are calculated at the mid-intervals of  t ± n*∆t/2, while the quantities 

1
x ,

2
x ,

1
xɺɺ ,

2
xɺɺ , ω3, F1, F2, M3 are calculated at the primary intervals of t ± n*∆t. 

 

Damping 

 

Real granular systems have several mechanisms to absorb energy. In MD-DEM 

energy is absorbed in frictional contacts if they exist, but even in this case energy 

consumption is not enough to simulate real problems and to bring the simulation to 

equilibrium in tolerable computational times. For that reason extra damping is used 

through some artificial ways to dissipate mainly kinetic energy that is developed during 

simulations. 

Two main types of damping are frequently used: local damping and viscous damping. 

Local damping acts on each particle; a force is applied on the particle. This force is 

proportional to the force applied on this particle and is governed by a ration that defines 

the ratio of the damping force over the real one. Big ratios are used for "static" problems 
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that means problems that are almost constantly in static equilibrium (e.g.0.7 or 0.8). For 

dynamic problems smaller or even zero damping is used. Viscous damping is applied 

on contacts; it is proportional to the relative velocity difference between the two entities 

(particle-particle or particle-boundary) that are in contact. Viscous damping is more 

realistic in cases of free falls or impacts between entities. 
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Appendix B: Nomenclature 

●  scalars are in italic  

●  vectors are in bold italic  

●  matrices are in bold roman  

● letters attached to scalars that do not themselves have values (e.g. subscripts) 

 are roman. 

 

tr(): trace of a tensor  

⊗ : tensor product 

n: porosity  

e: void ratio 

V: total volume 

Vv: volume of voids 

Vs: volume of solids 

Vw: volume of water 

Vg: volume of gas 

Wv: mass of voids 

Ws: mass of solids 

Ww: mass of water 

Wg: mass of gas 

np: unit vector for particle orientation 

nc: unit vector for contact normal 

Gp: fabric tensor for particle orientation 

Np: total number of the granular particles 

kp: one particle  

p
k

p
n : unit vector for particle orientation of particle kp 

np1, np2, np3: coordinates in 3 dimensions of unit vector np 

θ: inclination (or polar angle), the angle between the zenith direction and the vector 

 φ: azimuth (or azimuthal angle) is the signed angle measured from the azimuth 

reference direction to the orthogonal projection of the vector on the reference plane 

x1-x2 

p
k
θ : inclination angle for particle kp 

p
k

φ : azimuthal angle for partice kp 

Gc: fabric tensor for contact normal 
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Nc: total number of contacts 

kc: one contact 

c
k

c
n : unit vector for contact normal of particle kc 

nc1, nc2, nc3: coordinates in 3 dimensions of unit vector nc 

c
k
θ : inclination angle for contact kc 

c
k

φ : azimuthal angle for contact kc 

i

v _ loop
G : fabric tensor based on branch vectors of ith loop void cell  

i
G

v_loop1
, i

v _ loop2
G : the principal values of the second order tensor 

i

v_loop
G  

i,j
l : the jth branch vector for the ith loop void cell  

mi: total number of the branch vectors for the ith loop void cell 

i

v_loop
α : height-to-width-ratio for fabric tensor 

i

v _ loop
G  

v _loopα : mean height-to-width-ratio for fabric tensors based on branch vectors 

v _loop
H : represents void anisotropy for fabric tensor based on branch vectors 

v _loop
S : represents area of void cell for fabric tensor based on branch vectors 

v_cell
G : fabric tensor based on void cell system  

v _cell
F : anisotropic part of fabric tensor based on void cell system 

v_cell
ρ : isotropic part of fabric tensor based on void cell system 

nvc: vector connecting the centre of the void cell and a contact of the void cell 

vc
( )

-

v n
 
: average length of void vectors length along direction nvc within the volume 

Ω: angle that measures the space inside which the fabric is measured (0-2π in 2D 

 space and from 0-4π in 3D space) 

E0: 1/2π for 2D and 1/4π for 3D 

0
v : average 

vc
( )v n over all directions 

d : a non-dimensional second order tensor 

d11, d12, d21, d22: the coordinates of the second order tensor d 

θvc: angle of nvc in 2D respecting the horizontal where θvc=0 

d: 
2 2( ) ( ) / 2= +

11 22 12 21
d d - d d + d

 

θv1 : 
( )

tan(2 )
( )

=
12 21

v1

11 22

d + d
θ

d - d  

Hvc: discrete type of void cell fabric tensor 

kvc: one void vector of void cell system 

Nvc: total number of void vectors of void cell system 
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vc
( )E n : directional distribution of the vector density for void cell system 

0
E : average 

vc
E( )n  over all directions 

avc : a non-dimensional second order tensor 
v _REV

G : fabric tensor based on REV scan line 

Lv_REV: total length of test line of REV scan line  

lv_REV (θ,φ): total length of voids intersected by test line of REV scan line with 

spherical coordinates (θ,φ) 

v_REVF
( )L θ,φ : the fraction of the voids intersected by the test line, over the total length 

of REV scan line with spherical coordinates (θ,φ) 

v _REV
< >L : mean value of the fraction 

v_REVF
( )L θ,φ  

sph_REV
n : porosity for the unit sphere of REV scan line 

uv_REV: the unit vector defined by the (θ,φ) spherical coordinates in the REV sphere 

n(uv_REV): the directional porosity that is a function of the vector uv_REV 

Oda

vsl
G : fabric tensor defined by Oda, Nemat-Nasser & Konishi (1985) 

θsl: angle of a line for scan line method 

sl

θ
l : mean length of a line that cut a void for angle θsl 

Lsl is the total length of lines that cuts a void for all the angles θsl 

i

θ
p : unit vector with inclination angle θsl 

ij
δ : the kronecker delta. 

G O

vsl

−

G  :fabric tensor defined by Ghedia & O’Sullivan (2012) 

sl
θ

l : the fraction of total length of voids measured by a scan line inclined at angle θsl 

over the total number of individual voids crossed by scan line at angle θsl 

vs
k

v : the void vector defined from scan line approach 

vs
k

v : the length of the unit void vector defined from scan line approach 

vs
k

n : unit void vector defined from scan line approach 

Gvs: fabric tensor for void scan line method 
θ

vs
n : the unit void vector defined from scan line approach for a specific angle θ and is 

 constant for this angle 
θ

ℓ
sl

: the mean length of scan lines for the angle θsl 

αc : the anisotropy of the contact normal fabric tensor, equals to the difference of the 

 two principal values of the contact normal fabric tensor (=F1c-F2c) 

αvs: the anisotropy of the void scan line fabric tensor, equals to the difference of the 

 two principal values of the void scan line fabric tensor (=F1vs-F2vs) 
Fi : the forces applied on the ith particle (DEM)  
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mi : the mass properties of the ith particle (DEM) 

xi : position of the ith particle (DEM) 

d/dt :  the time derivative 

R[A], R[B]: radius of disks in contact [A] and [B] (DEM) 

xi
[A] ,xi

[B]: position of the centre of disks in contact [A] and [B] (i=1,2 in 2D) (DEM) 

d[A][B]: distance between the centers of disks in contact [A] and [B] (DEM) 
[A][B]

in : unit vector that connects the centers of disks in contact [A] and [B] (i=1,2 in 

2D) (DEM) 
[C]

i
x : the center point of the contact C (DEM) 

R[b]: the radius of a disk [b] in contact with a wall (DEM)  

d[b]: distance between the center of a disk [b] and a wall (DEM) 

xi
[b]: the center of a disk [b] in contact with a wall (DEM) 
[b]

i
n : unit vector that connects the centers of disk [b] with the wall (i=1,2 in 2D) (DEM) 

Un: the length that belongs to the line that passes through the two centers of the 

disks in contact or the center of a disk and a wall and characterizes the overlapping 

area of them (DEM) 
n

i
F : contact normal force (i=1,2 in 2D) (DEM) 

n

F : magnitude of contact normal force (DEM) 

kn: normal stiffness of a contact (DEM) 

ks: tangential stiffness of a contact (DEM) 
1 2[ ][ ]

s

Φ Φ
V : relative shear motion at the contact between entities {Φ1,Φ2} (DEM) 

[ni]: 
[A][B]

i
n  for two disks in contact or 

[b]

i
n for disk-wall contact (DEM) 

[n1], [n2]: coordination of [ni] (DEM) 
j[ ]

i

Φ
xɺ : translational velocity of entity Φj (DEM) 

j[ ]

3

Φ
ω : rotational velocity of entity Φj (DEM) 

{ }1 2
Φ ,Φ : 

{ }
{ }

, ,(ball ball)

b,w ,(ball wall)

 Α Β −
 

− 
 (DEM) 

i
t : {-[n2], [n1]} 

∆t: timestep of DEM analysis (DEM) 

∆Us: increment in the tangential direction (DEM) 

∆Fs: increment of the tangential force (DEM) 
s

m
F : tangential force where m are the increments from the initial creation of the 

contact (DEM) 

µ: interparticle friction between two entities (DEM) 
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s

real
F : real tangential force applied on contact (DEM) 

F1, F2: the forces of a particle on axes x1,x2 (DEM) 

M3: out of plane moment (DEM) 

m1,m2: the masses of a particle on axes x1,x2 (DEM) 

I3: the inertia of a particle on axes x3 (DEM) 

g1, g2: the gravity accelerations on axes x1,x2 (DEM) 

x1, x2: the positions of a particle on axes x1,x2 (DEM) 

ω3: the angular velocity of a particle around axis x3 (DEM) 

superscript dots: symbols the differentiation with time of the variable (e.g. 
1
xɺɺ is the 

second derivative with time of position, i.e. the acceleration) (DEM) 

r: radius of disk particles (DEM) 

t: unit thickness in the, out of plane, third axis for disk and clump particle (DEM) 

r : mean value for radius of disk particles (DEM) 

 

 

 

 


